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Synopsis: Atmospheric propagation losses can constitute a large fraction of the electromagnetic (EM) wave energy 
that is dissipated during EM beam propagation through earth’s atmosphere. EM systems with short wavelengths such 
as lasers can lose a significant fraction of their beamed energy. It is well known that atmospheric losses arise primarily 
from: turbulence: through vorticity that causes radial and axial air density variations inside beams and result in 
scattering; thermal blooming: beam expansion from air heating; extinction:  EM energy absorption in dense 
concentrations of particles (clouds, fog). 

Propagation through turbulent atmospheres with minimum jitter/absorption is a major objective of the Air 
Force. The present models of the inner scale of turbulent/distributed volume atmospheres and the performance of 
adaptive optics designed to mitigate the effects of those atmospheres, are both presently inadequate, although there is 
ongoing effort to improve both. 

The defeat/mitigation of atmospheric/ionospheric beam jitter, and beam redirection by polarization 
modulation (POLMOD) depends on the modulation rate/frequency, 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ , 𝑑𝑑𝑑𝑑𝑛𝑛 ⁄ 𝑑𝑑𝑑𝑑𝑛𝑛, or rate of phase modulation 
of inter-beam phase, exceeding that of molecular relaxation times of the media though which a beam passes. A 
polarization modulated beam is achieved by modulating the phase between two orthogonal beams that are combined. 
Ideally, one of the orthogonal beams of the combined beam would be independently phase modulated. In the tests 
reported here, a substitute method was used: two orthogonal with a wavelength offset, 𝛥𝛥𝛥𝛥, were combined. The 
substitute method provided polarization modulation, but a limited form that is linear in phase change, with no axial 
(rotational) control and confined in frequency dependence to the availability of lasing lines, 𝛥𝛥1and 𝛥𝛥2, defining  𝛥𝛥𝛥𝛥 =
𝛥𝛥1 −  𝛥𝛥2. In other words, the substitute method is limited to linear phase modulation and the availability of lasing lines. 
Despite these limitations, these tests demonstrated partial and substantial mitigation of atmospheric/ionospheric beam 
jitter, and beam redirection. 

The media substituting for the atmosphere and ionosphere were: a water vapor chamber, heated air, and static 
and rotated phase plates. The recording methods were either near-linear power meters or nonlinear CCD cameras. As 
two forms of jitter were distinguished – temporal (rapid amplitude changes over time) and spatial (i.e., changes in the 
pointing direction) – the two recording methods suitably addressed both independently: the power meters addressed 
temporal jitter recording and the cameras, spatial. A number of arbitrary beam combining methods were used, all non-
optimum, as no optical beam combiners were available. No TeraHertz spectrometer was available to investigate the 
frequency/wavelength dependence (the  𝛥𝛥𝑖𝑖 dependence) of the results. Therefore, the frequency dependence of the 
results reported here is not known. 

Nonetheless the results, obtained under the conditions described, indicate that POLMOD achieves partial 
mitigation of both kinds of jitter. In the case of temporal jitter with the medium represented by a phase plate, POLMOD 
reduces temporal jitter up to a maximum of 50%; and the spatial jitter up to a maximum of 33%. The partial success 
of mitigating jitter due to propagation through other media is also reported here.   

The transmit (TX) modulation approach used in these tests to improving beam propagation through disturbed 
atmospheres is an alternative or an adjunct to adaptive optics. In the case of adaptive optics, there is an accent on the 
spatial. This accent on the spatial (using classical physics) may not be appropriate for laser weaponry and laser 
communications, for which there is an accent on the temporal. POLMOD is a temporal, semi-quantum approach. 
Whereas in astronomy and imaging, the objective is to preserve spatial information, in communications/weaponry the 
objective is to preserve information sequence and point focus. Whereas adaptive optics addresses the receive side of 
the channel, POLMOD/AXMOD addresses the transmit side. Therefore, POLMOD on the TX side offers either an 
alternative approach to the same problem, or can be used together with (improved) adaptive optics, on the RX side, 
each addressing one side of the channel. 

Recently, there have been proposals to exploit photon spin angular momentum (SAM) associated with 
polarization, and orbital angular momentum (OAM) associated with the azimuthal phase of the complex electric field, 
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both for communications purposes1.  POLMOD is essentially modulated SAM and axial modulation (AXMOD) is 
modulated OAM, but for purposes of mitigating channel/atmospheric/ionospheric effects, rather than 
communications. Both are made explicit in a Poincaré sphere and geometric (Clifford) algebra representation.  

Section 5.0 of this report provides the evidence supporting the conclusion of this report regarding temporal 
and spatial jitter mitigation. 
 
1.0 INTRODUCTION 
2.0 THEORY: POINCARÉ SPHERE & BLOCH MODEL 
 2.1 POINCARÉ SPHERE 
 2.2 BLOCH MODEL 
 2.3  KOLMOGOROV TURBULENCE THEORY 
 2.4  ORBITAL ANGULAR MOMENTUM (OAM) 
 2.5 RELATIONSHIP TO ADAPTIVE OPTICS 
3.0 MEDIA 
4.0 LABORATORY TEST CONFIGURATIONS 
5.0 TEST RESULTS 
 5.1 DATA ANALYSIS METHODS 
 5.2 DATA ANALYSIS 
6.0 GEOMETRIC ALGEBRA 
 6.1 INTRODUCTION 
 6.2 KNOTTED BEAMS 
 6.3 TEMPORAL DEPENDENCE OF ANISOTROPY 
7.0 SELF-INDUCED TRANSPARENCY (SIT), ELECTROMAGNETICALLY-INDUCED TRANSPARENCY 

(EIT) and POLMOD 
 7.1 SIT 
 7.2 EIT 
 7.3 POLMOD 
8.0 REFERENCES 
 
 
  

1 Djordjevic and Arabaci (2010) have proposed exploitation of photon spin angular momentum (SAM) associated 
with polarization, and orbital angular momentum (OAM) associated with the azimuthal phase of the complex electric 
field (cf. Djordjevic et al, 2007; Djordjevic & Djordjevic, 2009; Djordjevic, 2011; Leach et al 2004; Gibson et al 2004; 
Paterson, 2005). 
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1. INTRODUCTION 
A medium’s susceptibility, hence the refractive index, the polarizability and the 

permittivity, has the attributes of a tensor (matrix) rather than a vector. In order for refraction 
(mediated by the real part of permittivity/dielectric constant) or absorption (mediated by the 
imaginary part of permittivity/dielectric constant) to occur, there must, to a degree, be a 
polarization compatibility or match between the refracting or absorbing medium and the incident 
radiation, i.e., the polarization of the refracting and absorbing medium must be approximately the 
same and aligned. 

A finite time is necessary for the molecular constituents of a medium to become polarized 
by radiation-induced polarization and aligned, and then to either refract or absorb that incident 
radiation. It is well known that because of these mechanisms pulses of radiation short enough in 
time can challenge the absorption time of molecular media (the molecular relaxation time) and 
sometimes penetrate media normally absorbing. These effects are known as self-induced 
transparency (SIT) and electromagnetically induced transparency (EIT). They are both short pulse 
effects – see section 7.0, below. 
 The mitigation of atmospheric/ionospheric beam jitter, and beam redirection by 
polarization modulation (POLMOD) hinges on the following mechanisms: 

(1) The refraction/absorption or capture of incident radiation by molecular systems of the 
medium/media through which the radiation passes requires a compatibility/alignment between the 
polarization of that radiation and the induced polarization of the systems. 

(2) That alignment of the permanent and induced dipole polarization of the molecular systems  
with the polarization of the incident radiation is not instantaneous, but requires a response time – 
the dipole orientation time. Time-dependent polarization in response to an applied field is given 
by: 

𝐏𝐏(𝑑𝑑) = 𝜀𝜀0 � 𝜒𝜒𝜖𝜖(𝑑𝑑 − 𝑑𝑑′)
𝑡𝑡

−∞
𝐄𝐄(𝑑𝑑′)𝑑𝑑𝑑𝑑′, 

where 𝐏𝐏 is the polarization, 𝜒𝜒𝜖𝜖 is the electric susceptibility and 𝐄𝐄 is the electric field. In the case 
of the molecular systems of interest – gases – the response frequency is in the TeraHertz (1012) 
range. The polarization is thus a convolution of the electric field at previous times with the time-
dependent susceptibility. In the case of a permanent dipole the direction of polarization itself 
rotates. This rotation occurs on a timescale that depends on the torque and surrounding 
local viscosity of the molecules. Because the rotation is not instantaneous, dipolar polarizations 
lose the response to electric fields at the highest frequencies.  

(3) Molecular polarizability is also frequency dependent. Electronic polarizability is present in all 
molecules and has a response time that is rapid (> 1014 s-1). The high frequency response can 
follow the undulations of electromagnetic radiation in the visible region and hence this response 
gives rise to refraction of light.  

 (4) Just as there is a system finite onset response time of alignment with incident polarized 
radiation, there is a finite offset/relaxation response time of alignment when that incident radiation 
is withdrawn, the frequency of which is also in the TeraHertz range.  

(5) As molecular systems take a finite time to reach a preferred polarization alignment with the 
incident radiation and a finite time of relaxation when that preferred polarization alignment is 
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withdrawn, there will be a transient response to incident radiation of rapidly changing polarization, 
even if that radiation is not transient, but continuous. 

(6)  If the alignment period of the polarization of the changing incident radiation with the 
induced/permanent dipoles of the molecular system is short enough, there will be insufficient time 
for molecular absorption/refraction to occur, and mechanisms conventionally associated with 
medium pulse/transient-system induced transparencies will occur, even when the incident 
radiation is continuous. 

(7) As optimum alignments of molecular dipoles with the polarization of incident radiation in a 
gas medium will be distributed statistically, any mitigation of absorption/refraction by the 
mechanism described in (6) is expected to be partial. 

The central proposition of this research was that if the dwell time of the radiation in a 
polarization state compatible with that of a molecular system is shorter than the dipole orientation 
time, or the relaxation time of that system, a form of self-induced transparency (SIT), and/or 
electromagnetically induced transparency (EIT) will occur, even although the incident radiation 
is constant wavelength.  

 The main results of the present series of tests reported are: 
• Jitter mitigation. 
• Amplitude loss mitigation 
• Beam pointing movement mitigation. 

 
In the following section 2.0 a description of polarization modulated incident radiation is 

given in terms of the Poincaré sphere, and a description of a molecular system in terms of its 
molecular analog, the Bloch sphere model. The well-known Kolmogorov turbulence theory is 
examined from the point of view of transient theory rather than the steady state, and the 
relationship of polarization modulation to orbital angular momentum and adaptive optics 
described. 

In section 3.0 the media substituting for the atmosphere and ionosphere are described. The 
media examined were: water vapor, heated air, and phase plates both static and rotating. 

The laboratory test configurations are described in section 4.0 and the test results in section 
5.0, together with data analysis methods. Section 5.0 of this report provides the evidence 
supporting the conclusion of this report regarding temporal and spatial jitter mitigation.  

Polarization modulation is best described in terms of geometric (Clifford) algebra, rather 
than conventional vector/tensor analysis. Therefore section 6.0 is a brief introduction to geometric 
algebra and is applied to polarization modulated beams. 

Section 7.0 describe the established methods of obtaining transparency, self-induced 
transparency and electromagnetically induced transparency, and their differences with respect to 
polarization modulation. 
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2.0 THEORY – POINCARÉ SPHERE & BLOCH MODEL. 

2.1 POINCARÉ SPHERE 

It is well-known that all static polarizations of a beam of radiation2, as well as all static 
rotations about the axis of the beam can be represented on a Poincaré sphere (Fig 2.1.1, 2.1.2A). 
Therefore, a vector representation of a beam, centered in the middle of the sphere and pointed to 
the underside of the surface of the sphere at a location on the surface, will represent a beam’s static 
polarization. That static vector represents the instantaneous polarization and rotation angle of the 
beam. However, if one causes that vector to trace a trajectory over time on the surface of the sphere 
(i.e. the vector is moving), a continual change (over time) of a polarized beam, or a polarization 
modulated (and/or rotation modulated) beam (Fig 2.2.1B) is represented. If the beam is sampled 
by a detector device (which can be by absorption through the excitation of electronic or vibrational 
energy levels of a molecular system) at a rate which is less than the rate of modulation, then the 
sampled output from the detector device will be a mixing or mapping of two components of the 
wave, which are continuously changing with respect to each other, into one snapshot of the wave, 
at one location on the surface of the sphere and at one instantaneous polarization and axis rotation. 
If the polarization modulation ∂ φn/ ∂ tn is by the first differential of the phase φ (between two 
orthogonally polarized beams), i.e., n = 1 or ∂ φ/ ∂ t, the trajectory is of constant velocity (Fig 
2.2.1C).Thus, from the viewpoint of a device sampling at a rate less than the modulation rate, a 
two-to-one mapping (over time) will have occurred, which is the signature of an SU(2)/Z2 field3 
(Barrett 1997-2008). Polarization modulation at higher differentials of phase provide trajectories 
of non-constant velocity 

 

Fig 2.1.1 The Poincaré sphere, representing statically, all polarizations and rotations. Circularly polarized co-rotating 
is represented at the north pole; circularly polarized counter-rotating is represented at the south pole. Along the 
longitudinal lines are represented the varieties of elliptical polarizations. Around the equator latitude line are shown 
horizontally polarized linear, and vertically polarized linear configurations, as well as the variety of linear polarizations 
in between these. The angles 2ψ and 2χ are shown for a combined beam. Another angle, 𝛿𝛿, is relevant and is the inter-
beam phase of the combined beam’s constituent beams and not represented here. These are static representations. 
However, POLMOD is a movement of the P vector on the sphere and is not static. 

2 “Static polarization” indicates a beam that is e.g., always linearly (or circularly or elliptically) polarized, which 
means all the waves are either vertically – or horizontally – aligned, or always circularly, or always elliptically 
polarized, where the wave moves in a circular (right or left) or elliptical pattern as it propagates, and can be represented 
as a single point on the surface of a Poincaré sphere. In contrast, polarization modulation results in a movement from 
point to point over time and along a trajectory as shown in Fig 2.1.2 C, below. 
3 This field is characterized by a generalization of Maxwell’s equations – see Barrett, 2008. 
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Fig 2.1.2 A Poincaré sphere representation for the combined beam. The equatorial region spans linearly polarized 
parallel to perpendicular. The longitudinal lines span circularly polarized corotating to contrarotating, passing through 
forms of elliptical polarization depending on latitude. A: The Poincaré sphere, with static polarizations and rotations 
represented. B Poincaré sphere representation of 4 static polarizations. C: A moving representation of a POLMOD 
beam. (White Paper). 

 
Fig 2.1.3   A: An arbitrary sole POLMOD beam (2 lasers orthogonally polarized of 2 different wavelengths)  Poincaré 
sphere representation: 𝜕𝜕𝜒𝜒 𝜕𝜕𝑑𝑑� . Trajectories on the Poincaré sphere the Krypton laser at λ = 647 nm, and the Argon 
laser at λ = (1) 457; (2) 476; and (3) 488 nm. In comparison with B, notice that there are only longitudinal changes, 
while the latitude (axial rotation) is constant.  

       B: An arbitrary sole AXMOD beam (2 lasers plane polarized of 2 different wavelengths) Poincaré sphere 
trajectory representation: 𝜕𝜕𝜕𝜕 𝜕𝜕𝑑𝑑� . In comparison with A, notice that there are only latitudinal changes, while the 
longitude (polarization) is constant. (White Paper). 
 

 Using 3 lasers of different frequency in a combined beam, results in different trajectories 
on the Poincaré sphere (Fig 2.1.4) 
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Fig 2.1.4 Amplitude Control of Trajectories on the Poincaré Sphere. Poincaré Sphere Representations over 1 
picosecond, Three laser situation: f1 = 31.6, f2 = 30.0 and f3 =28.6 THz. On one linearly polarized channel: 
𝑎𝑎1sin (2𝜋𝜋𝑓𝑓1𝑑𝑑). On second, orthogonally polarized channel: 𝑎𝑎2 sin(2𝜋𝜋𝑓𝑓2𝑑𝑑) + a3sin(2𝜋𝜋𝑓𝑓3𝑑𝑑).  

A: 𝑎𝑎1 = 1;    𝑎𝑎2 = 1;      𝑎𝑎3 = 1.  
B: 𝑎𝑎1 = 1;     𝑎𝑎2 = 0.5;  𝑎𝑎3 = 0.5.  
C: 𝑎𝑎1 = 1;     𝑎𝑎2 = 4;      𝑎𝑎3 = 4.   
D: 𝑎𝑎1 = 4;     𝑎𝑎2 = 1;      𝑎𝑎3 = 1.   
E: 𝑎𝑎1 = 16;   𝑎𝑎2 = 1;      𝑎𝑎3 = 1.   
 

 If the polarization-modulated-beam, or polarization-modulated-and-rotated-beam is 
viewed head-on, and the beam is sampled by two orthogonally polarized detectors, the beam traces 
out Bowditch4 or Lissajous5 patterns (Fig 2.1.5A) in the x,y directions. In the z-direction, the beam 
would appear as in Fig 2.1.5B. 

 Losses in transmission through the atmosphere/ionosphere are due to the rate of 
polarization modulation being less than the relaxation times of the absorption mechanisms of the 
atmosphere/ionosphere. Furthermore, the modulations, which result in trajectories of the moving 
vector K, (see Fig 2.1.2A), on the sphere, are infinite in number. The moving K is not confined to 
any specific wandering over the sphere. Moreover, those modulations at a rate of multiples of 2π 
result in the return to a pass through, or pass by, a single location on the sphere and are detected 
at a frequency of exactly and only 2π, if the detection is by a device or molecular system sampling 
at a rate of only 2π. In other words, a relatively slow-rate sampling device or molecular system 
cannot detect the trajectory of a fast moving beam K, departing from, and arriving back at, the 
location on the sphere representing the slow-rate detector. To a relatively slowly sampling device 

4 Nathaniel Bowditch, 1815. 
5 Jules Antoine Lissajous, 1857. 

A
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or molecular system, a fast modulated beam can have “internal energies” quite undetected and 
unsuspected (Barrett, 2008).  

 

 
A 

Fig 2.1.5A: Bowditch or Lissajous patterns representing the polarized electric field over the time of one cycle of the 
beam, viewed in the plane of incidence, resulting from two orthogonally polarized fields, which are out of phase by 
the following degrees: 0, 21,42, 64, 85, 106, (top row); 127, 148, 169, 191, 212, 233, (middle row);  254, 275, 296, 
319, 339, 360 (bottom row). In these patterns, the plane polarizations (horizontal and vertical) are represented at 45o 
to the axes, and each pattern is the history of the beam up until one cycle (wavelength) of the beam is traversed.  
 

 
B 

Fig 2.1.5B: Representation of the E field of a polarization modulated beam over 2π in the z-direction. Note: this does 
not represent circular polarization. Circular polarization – whether right-handed, or left-handed – is defined as a 
constant 45o phase difference between the two orthogonal beams. Here, on the other the phase angle is continuously 
changing polarization over time as indicated. Now the beam, at a special instant, but only at an instant, will be 
circularly polarized if the two orthogonal beams are 45o out-of-phase. That is a special and unique case and represented 
at the two poles of the Poincaré sphere. In the more general case, the resultant beam, represented by vector K in Fig 
2.1.2C, can roam, moving anywhere on the Poincaré sphere, and not remain static at the poles of the sphere, which 
define the static conditions of circularly polarized light, right- and left-handed – see Fig 2.1.2A. 
 

If the modulated or moving K vector in Fig 2.1.2A is rotating continuously (i.e., through 
multiples of 0 – 2π) at a rate that is greater than, or a multiple of, the sampling rate of a detector 
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(statically positioned on the sphere), then observed from the vantage point of that detector, K 
appears to be static (i.e., statically polarized) – yet it is not. It is as if the detector, positioned at a 
location on the Poincaré sphere only “opens its eyes to see” as the K vector passes by that location. 
Therefore the static detector “believes” the K vector is a pulse that is also statically polarized at 
that location – yet it is not, being polarization modulated and moving. Moreover, if the detector 
requires the K vector to remain stationary at that location on the sphere for a certain period of time 
(in order that the beam that K represents to be absorbed), then if K does not remain for that certain 
period of time due to the modulation rate being higher than the detector’s sampling rate, the 
detector will not detect K (i.e. elastically or inelastically scatter or absorb the beam). “The 
requirement for K to remain stationary for a certain period” in a real detector or molecular system 
is due to the relaxation time of a detector or molecular system. In other words, it always takes a 
certain time for energy to be captured or parametrically up or down converted or passed to a “heat 
or thermal sink”. 

 A statically polarized detector is a U(1) unipolarized, constant rotational axis, sampling 
device. This kind of detector obeys Maxwell’s equations in their basic, i.e., U(1) form. On the 
other hand, the fast polarization (and rotation) modulated beam is a multipolarized, multirotation 
axis, SU(2) beam, that obeys a more complex form of Maxwell’s equations. In principle, the period 
of modulation can be faster than the electronic or vibrational or dipole relaxation times of any atom 
or molecule. In other words, such modulated beams can be modulated at a rate greater than the 
relaxation or absorption time of electronic and vibrational states, permitting self-induced 
transparency. This is the ideal condition to minimize turbulence and other losses. 

 More, specifically, let a beam be represented as ∑ 𝜕𝜕𝑛𝑛𝑛𝑛 = ∑ 𝜒𝜒𝑛𝑛𝑎𝑎𝑛𝑛𝑛𝑛 exp (𝑖𝑖2𝜋𝜋𝜋𝜋𝑑𝑑𝑛𝑛) 
where 𝜒𝜒𝑛𝑛 is the polarizability induced by the n-th E-vector field 𝑎𝑎𝑛𝑛exp (𝑖𝑖2𝜋𝜋𝜋𝜋𝑑𝑑𝑛𝑛). Let an arbitrary 
polarized field be represented by two such beams but orthogonally polarized: 

𝐼𝐼(𝜏𝜏) = 𝛹𝛹𝛹𝛹∗ = |𝜕𝜕1 + 𝜕𝜕2|2 = �𝜒𝜒1𝑎𝑎1 exp(𝑖𝑖2𝜋𝜋𝜋𝜋𝑑𝑑) + 𝜒𝜒2𝑎𝑎2 exp�𝑖𝑖2𝜋𝜋𝜋𝜋(𝑑𝑑 + 𝜏𝜏)��
2
 

=  𝜒𝜒12𝑎𝑎12 + 𝜒𝜒22𝑎𝑎22 + (𝜒𝜒1𝜒𝜒2)cos (𝜃𝜃)2𝑎𝑎1𝑎𝑎2cos (2𝜋𝜋𝜋𝜋𝜏𝜏) 

where 𝜃𝜃 = 90o for orthogonally polarized beams; and 𝜏𝜏 = 𝑑𝑑1 − 𝑑𝑑2. This composite beam resulting 
from the two beams, would be statically polarized and with a constant 𝜏𝜏 dependency. 

 If the same field was the resultant from beams in which 𝜏𝜏  is modulated, i.e., there is a 
𝑑𝑑𝜏𝜏/𝑑𝑑𝑑𝑑, then that resultant would not be statically polarized, but polarization modulated 
(POLMOD): 

𝐼𝐼 �
𝑑𝑑𝜏𝜏
𝑑𝑑𝑑𝑑

= 𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝛹𝛹𝛹𝛹∗ = |𝜕𝜕1 + 𝜕𝜕2|2 = �𝜒𝜒1𝑎𝑎1 exp(𝑖𝑖2𝜋𝜋𝜋𝜋𝑑𝑑) + 𝜒𝜒2𝑎𝑎2 exp�𝑖𝑖2𝜋𝜋𝜋𝜋(𝑑𝑑 + 𝑑𝑑𝜏𝜏/𝑑𝑑𝑑𝑑)��

2
 

=  𝜒𝜒12𝑎𝑎12 + 𝜒𝜒22𝑎𝑎22 + (𝜒𝜒1𝜒𝜒2) cos(𝜃𝜃) 2𝑎𝑎1𝑎𝑎2 cos(2𝜋𝜋𝜋𝜋𝜏𝜏 + 𝑑𝑑𝜏𝜏/𝑑𝑑𝑑𝑑), 

where 𝑑𝑑 is phase. Ideally, this is the way one would obtain POLMOD. Technically, this is quite 
possible, but requires complex equipment. 

 An easier, but limited, way to obtain POLMOD is to combine and beat two orthogonally 
polarized beams of different wavelengths: 

𝐼𝐼 �
𝑑𝑑𝜏𝜏
𝑑𝑑𝑑𝑑

= 𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� = 𝛹𝛹𝛹𝛹∗ = |𝜕𝜕1 + 𝜕𝜕2|2 = |𝜒𝜒1𝑎𝑎1 exp(𝑖𝑖2𝜋𝜋𝜋𝜋1𝑑𝑑) + 𝜒𝜒2𝑎𝑎2 exp(𝑖𝑖2𝜋𝜋𝜋𝜋2𝑑𝑑)|2 
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= �(𝜒𝜒1𝜒𝜒2) cos(𝜃𝜃) 2𝑎𝑎1𝑎𝑎2 cos(2𝜋𝜋𝜋𝜋3𝑑𝑑) sin(2𝜋𝜋𝜋𝜋4𝑑𝑑)�
2

, 

where 𝜋𝜋3 = 𝜈𝜈1−𝜈𝜈2
2

 and 𝜋𝜋4 = 𝜈𝜈1+𝜈𝜈2
2

 and the beat frequency is 𝜋𝜋𝑏𝑏𝑏𝑏𝑏𝑏𝑡𝑡 = 𝜋𝜋1 − 𝜋𝜋2 . 

 If the time constant required for both (i) polarization compatibility between incident 
radiation and molecule and (ii) for energy transfer to the detecting molecule to occur, is greater 
than 1/ 𝜋𝜋𝑏𝑏𝑏𝑏𝑏𝑏𝑡𝑡, there will be a situation similar to that of pulse/transient self-induced transparency 
(i.e., SIT), with the incident radiation captured by the detecting molecule, but reradiated back into 
the radiating beam. The difference is that pulse self-induced transparency achieves transparency 
by challenging the relaxation time of the detecting molecule by switching off in a shorter time 
interval than that relaxation time. In the present cw self-induced transparency, the relaxation time 
of the detecting molecule is challenged by the shorter time interval of polarization compatibility.  

 As an example, Fig 2.1.6 shows the spectra of two constituent beams, 700 and 770 
TeraHertz. However, such a representation does not address the two beams’ polarization, nor their 
combination. If the two beams are orthogonally polarized and combined, the resulting combined 
beam is a POLMOD beam. In which case, a molecular system detects the combined beam by the 
conjoint simultaneous dipole stimulation/sampling, and this molecular sampling is set by the 
excited state relaxation time. 

 
Fig 2.1.6 Spectra of two constituent beams at 700 and 770 TeraHertz. This representation does not address different 
polarizations. If the two beams are orthogonally polarized and combined, the combined beam is a POLMOD beam. A 
molecular system detects the combined beam by the conjoint simultaneous dipole stimulation/sampling, and the 
molecular sampling is set by the excited state relaxation time. 

 A POLMOD beam is formed from two orthogonally polarized beams. Therefore, each 
constituent beam acts in the manner of an additional magnetic field to the other beam; or, stated 
differently, each magnetic field of one beam acts as an electric field to the other. The total energy 
density is the sum of the densities of the field of each beam: 

𝜔𝜔 = 𝜔𝜔1 + 𝜔𝜔2 = 1
2
𝜖𝜖𝐸𝐸12 + 1

2
𝜀𝜀𝐸𝐸22  joules/m2 

For a small volume, ∆υ, the decrease in energy as a function of time is: 

− 𝜕𝜕
𝜕𝜕𝑡𝑡
�1
2
𝜖𝜖𝐸𝐸212 + 1

2
𝜀𝜀𝐸𝐸22� ∆𝜐𝜐 = ∫ 𝑆𝑆 · 𝑑𝑑𝑑𝑑𝑆𝑆  watts 

0 500 1000 1500
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where S = energy per unit area passing per unit time through the surface of the volume ∆υ  in units 
of watts/m2. Diving by ∆υ and taking the limit obtains: 

∇ · 𝑆𝑆 = −−
𝜕𝜕
𝜕𝜕𝑑𝑑
�

1
2
𝜖𝜖𝐸𝐸12 +

1
2
𝜀𝜀𝐸𝐸22� 

Using Maxwell equation substitutions, the result is: 

𝑆𝑆 = 𝐸𝐸1 × 𝐸𝐸2 

Using the fact that E2 is the effective magnetic field to E1 and substituting, gives: 

                                                               𝑆𝑆 = 𝐸𝐸 × 𝐻𝐻 watts/m2 

The Bowditch or Lissajous pattern representations of Fig 2.1.5A are thus the differential, or 
instantaneous Poynting vector representations; and the combined E field representation 2.1.5B, 
when integrated over time, is the Poynting vector.   

 In the following Fig 2.1.7 are shown (i) a combined radiated POLMOD beam traveling in 
the z (time) direction; (ii) the same combined beam as a function of the two orthogonally polarized 
constituent beams; and (iii) the changing frequencies of the first and second constituent beams in 
the x and y directions. This last figure (iii) indicates that a statically polarized molecular detector 
will experience radiation changing in the x and y direction at the rates shown. 

  

 

Fig 2.1.7 Top: A combined E field radiated POLMOD beam traveling in the z (time) direction. Middle: the same E 
field combined beam as a function of the two orthogonally polarized constituent beams – a Lissajous pattern. Lower: 
The changing frequencies of the first and second constituent E field beams beams in the x and y directions.  
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If a horizontally polarized beam of frequency 700 TeraHertz is combined with a 
perpendicularly polarized beam of 1050 TeraHertz, and if a molecular detector’s polarization 
preference is 700 TeraHertz, horizontally polarized, then the detector will be polarization-
compatible with the radiation, but only for durations (5.8-15 sec) that are a function of the beat 
frequency indicated in red in Fig 2.1.8. The polarization-compatible incident combined beam is 
indicated in blue. An objective of POLMOD beam design was to establish the beat frequency such 
that the relaxation time of atmospheric molecules is defeated. Fig 2.1.8 shows a 700+770 THz 
POLMOD radiated beam traveling in the z (time) direction and “sampled” by generic molecular 
systems at 5-16 sec, 1-15 sec and C: 2-15 sec.  Each molecular system will only integrate these patterns 
(detection by g→e state excitation) if the excitation-induced dipole is compatible in polarization 
with the excitation. 

Fig 2.1.10 shows other examples of a 700+770 THz orthogonally polarized cw POLMOD 
beam – polarization beat frequency repetition interval: 1.4-14 sec; and a 700+1050 THz POLMOD 
– polarization beat frequency repetition interval: 3-15 sec. These figures show the requirements for 
relaxation times for three generic molecular systems also requiring (a) circularly polarization 
corotating compatibility with an effective magnetic field (green); (b) circularly polarization 
contrarotating compatibility with an effective magnetic field (blue); and (c) linear polarization 
compatibility (magenta). It was an objective of the present completed tests to determine the beat 
frequency repetition interval for optimum atmospheric propagation.  

 
Fig 2.1.8 If a horizontally polarized beam of frequency 700 TeraHertz is combined with a perpendicularly polarized 
beam of 1050 TeraHertz, and if a molecular detector’s polarization preference is 700 TeraHertz, horizontally 
polarized, then the detector will be polarization-compatible with the radiation, only for durations that are a function 
of the beat frequency indicated in red. The polarization-compatible incident combined beam is indicated in blue. An 
objective of the proposed tests is to establish the beat frequency repetition interval (here 3-15 sec) such that the 
relaxation time of atmospheric molecules is defeated. 

 
Fig 2.1.9 A 700+770 THz POLMOD radiated beam traveling in the z (time) direction and “sampled” by generic 
molecular systems at A: 5-16 sec; B: 1-15 sec; and C: 2-15 sec.  Each molecular system will only integrate these patterns 
(detection by g→e state excitation) if the excitation-induced dipole is compatible in polarization with the excitation. 
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Fig 2.1.10 These figures show the requirements for relaxation times for three generic molecular systems also requiring 
(a) circularly polarization corotating compatibility with an effective magnetic field (green); (b) circularly polarization 
contrarotating compatibility with an effective magnetic field (blue); and (c) linear polarization compatibility 
(magenta). A: 700+770 THz POLMOD – polarization beat frequency repetition interval: 1.4-14 sec. B: 700+1050 THz 
POLMOD – polarization beat frequency repetition interval: 3-15 sec.  

Referring back to the Poincaré sphere (Fig 2.1.1), which represents statically, all 
polarizations and rotations and reviewing: circularly polarized co-rotating is represented at the 
north pole; circularly polarized counter-rotating is represented at the south pole. Along the 
longitudinal lines are represented the varieties of elliptical polarizations. Around the equator 
latitude line are shown horizontally polarized linear, and vertically polarized linear configurations, 
as well as the variety of linear polarizations in between these. The angles 2ψ and 2χ are shown for 
a combined beam. Another angle, 𝛿𝛿, is relevant and is the inter-beam phase of the combined 
beam’s constituent beams and not represented here. POLMOD is a movement of the P vector on 
the sphere and is not static. Djordjevic and Arabaci (2010) have proposed exploitation of photon 
spin angular momentum (SAM) associated with polarization, and orbital angular momentum 
(OAM) associated with the azimuthal phase of the complex electric field (cf. Djordjevic et al, 
2007; Djordjevic & Djordjevic, 2009; Djordjevic, 2011; Leach et al 2004; Gibson et al 2004; 
Paterson, 2005). POLMOD is related to modulated SAM, and AXMOD to modulated OAM, but 
for purposes of mitigating channel/atmospheric/ionospheric effects, rather than communications. 
Both can be represented on the Poincaré sphere.  
 POLMOD requires a changing angle 2χ. AXMOD requires a changing angle 2ψ. A moving 
representation of a POLMOD beam is shown in Fig 2.1.2C.  

The angular momentum of a beam can be given as (Jackson, 1998, p. 350): 

𝐋𝐋 =  
1

𝜇𝜇0𝑐𝑐2
�𝑑𝑑3 �𝐄𝐄 × 𝐀𝐀 + �𝐸𝐸𝑗𝑗(𝐱𝐱 × 𝛁𝛁)𝐴𝐴𝑗𝑗

3

𝑗𝑗=1

� . 

The first term is identified with the “spin” of the photon; and the second with “orbital” angular 
momentum because of the presence of the operator 𝐱𝐱 × 𝛁𝛁 term. It follows, therefore, that 
POLMOD is defined as: 

𝒅𝒅𝐋𝐋𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅⁄ =  
1

𝜇𝜇0𝑐𝑐2
[𝐄𝐄 × 𝐀𝐀], 

and AXMOD as: 

A                                                                                                        B

13 
 



𝒅𝒅𝐋𝐋𝑨𝑨𝑨𝑨𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒅𝒅𝒅𝒅⁄ =  
1

𝜇𝜇0𝑐𝑐2
��𝐸𝐸𝑗𝑗(𝐱𝐱 × 𝛁𝛁)𝐴𝐴𝑗𝑗

3

𝑗𝑗=1

�. 

 The main results of the present series of tests reported are: 
• Jitter mitigation. 
• Amplitude loss mitigation 
• Beam pointing movement mitigation. 

 
The frequency and amplitude dependence of these effects has yet to be investigated due to the 
unavailability of the frequency control of both the modulating and modulated beams. Future work 
would address these issues. 

The rationale for the tests reported is related tangentially to the theory of elastic and inelastic 
radiation scattering. The relevant background is as follows. If (a) exciting radiation is near 
resonance with an electronic transition, or (b) there are electronic Raman transitions (Mortensen 
& Konigstein, 1968), or (c) there is a Jahn-Teller active state (Child & Longuet-Higgins, 1961), 
then anti-symmetric as well as symmetric components of the Raman tensor are predicted (Plazcek, 
1934; McClain, 1971). If the scattered radiation is due only to an induced electric dipole, a 
depolarization ratio has three components when there is antisymmetric scattering: 

(1) the isotropy 𝛼𝛼2 . 
(2) the symmetric isotropy 𝛾𝛾𝑠𝑠2. 
(3) the anti-symmetric isotropy  𝛾𝛾𝑏𝑏𝑠𝑠2 . 

 
The depolarization ratio in terms of these components is: 

𝜌𝜌 =
𝐼𝐼||
𝐼𝐼⏊

=
3𝛾𝛾𝑠𝑠2 + 5𝛾𝛾𝑏𝑏𝑠𝑠2

45𝛼𝛼2 + 4𝛾𝛾𝑠𝑠
, 

and in terms of the elements of the Raman tensor 𝛼𝛼𝑖𝑖𝑗𝑗 , (𝑖𝑖𝑖𝑖 = 𝑥𝑥, 𝑦𝑦, 𝑧𝑧): 

𝛼𝛼2 = �𝛼𝛼𝑥𝑥𝑥𝑥 + 𝛼𝛼𝑦𝑦𝑦𝑦 + 𝛼𝛼𝑧𝑧𝑧𝑧�
2
 

𝛾𝛾𝑠𝑠 = −
1
2
��𝛼𝛼𝑥𝑥𝑥𝑥 − 𝛼𝛼𝑦𝑦𝑦𝑦�

2
+ �𝛼𝛼𝑦𝑦𝑦𝑦 − 𝛼𝛼𝑧𝑧𝑧𝑧�

2
+ (𝛼𝛼𝑧𝑧𝑧𝑧 − 𝛼𝛼𝑥𝑥𝑥𝑥)2�

−
3
4
��𝛼𝛼𝑥𝑥𝑦𝑦 + 𝛼𝛼𝑦𝑦𝑥𝑥�

2
+ (𝛼𝛼𝑥𝑥𝑧𝑧 + 𝛼𝛼𝑧𝑧𝑥𝑥)2 + �𝛼𝛼𝑦𝑦𝑧𝑧 + 𝛼𝛼𝑧𝑧𝑦𝑦�

2
� 

𝛾𝛾𝑏𝑏𝑠𝑠 = −
3
4
��𝛼𝛼𝑥𝑥𝑦𝑦 − 𝛼𝛼𝑦𝑦𝑥𝑥�

2
+ (𝛼𝛼𝑥𝑥𝑧𝑧 − 𝛼𝛼𝑧𝑧𝑥𝑥)2 + �𝛼𝛼𝑦𝑦𝑧𝑧 − 𝛼𝛼𝑧𝑧𝑦𝑦�

2
� 

Defining: 

IPARA = incident radiation linearly polarized parallel to scattered radiation 
IPERP= incident radiation linearly polarized perpendicular to scattered radiation 
ICO= incident radiation circularly polarized corotating to scattered radiation 
ICONTRA= incident radiation circularly polarized contrarotating to scattered radiation 
 
a reversal coefficient for scattered radiation at 90o to incident radiation is: 
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𝑟𝑟 =
6𝛾𝛾𝑠𝑠2

45𝛼𝛼2 + 𝛾𝛾𝑠𝑠2 + 5𝛾𝛾𝑏𝑏𝑠𝑠2
=

𝐼𝐼𝐶𝐶𝐶𝐶
𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

 

and a general reversal coefficient dependent on the scattering angle, ν, is (Mortensen & Hassing, 
1980): 

𝑅𝑅(𝜋𝜋) =
1 − 1 − 𝜌𝜌

2(1 + 𝜌𝜌) 𝑑𝑑𝑖𝑖𝑠𝑠
2(𝜋𝜋) − 1 − 𝑟𝑟

1 + 𝑟𝑟 𝑐𝑐𝑐𝑐𝑑𝑑
2(𝜋𝜋)

1 − 1 − 𝜌𝜌
2(1 + 𝜌𝜌) 𝑑𝑑𝑖𝑖𝑠𝑠

2(𝜋𝜋) + 1 − 𝑟𝑟
1 + 𝑟𝑟 𝑐𝑐𝑐𝑐𝑑𝑑

2(𝜋𝜋)
      

This general reversal coefficient can be seen to be a function of the three invariants: the isotropy 
𝛼𝛼2, the symmetric isotropy 𝛾𝛾𝑠𝑠2 and the antisymmetric isotropy  𝛾𝛾𝑏𝑏𝑠𝑠2 , and the intensities in four 
polarization spectra are related to the three invariants by: 

𝐼𝐼𝑃𝑃𝐸𝐸𝐶𝐶𝑃𝑃 = 3𝛾𝛾𝑠𝑠2 + 5𝛾𝛾𝑏𝑏𝑠𝑠2  

𝐼𝐼𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 = 45𝛼𝛼2 + 4𝛾𝛾𝑠𝑠2 

𝐼𝐼𝐶𝐶𝐶𝐶 = 6𝛾𝛾𝑠𝑠2 

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 45𝛼𝛼2 + 𝛾𝛾𝑠𝑠2 + 5𝛾𝛾𝑏𝑏𝑠𝑠2  

Therefore, in the case of scattered radiation due only to an induced electric dipole: 

𝐼𝐼𝑃𝑃𝐸𝐸𝐶𝐶𝑃𝑃 + 𝐼𝐼𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 = 𝐼𝐼𝐶𝐶𝐶𝐶 + 𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 

and only three measurements are needed, the fourth providing a check. 

The invariants are related to the intensity data by: 

6𝛾𝛾𝑠𝑠2 = 𝐼𝐼𝐶𝐶𝐶𝐶 

5𝛾𝛾𝑏𝑏𝑠𝑠2 = 𝐼𝐼𝑃𝑃𝐸𝐸𝐶𝐶𝑃𝑃 −
1
2
𝐼𝐼𝐶𝐶𝐶𝐶 

45𝛼𝛼2 = 𝐼𝐼𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶 −
2
3
𝐼𝐼𝐶𝐶𝐶𝐶 

This is the simple picture if there are moments higher than an induced electric dipole that are not 
involved. This is not the case with optically active molecules (Barron, 1978, 1982). In these cases, 
besides the polarizability tensor, scattering is defined in terms of optically active tensors defining 
electric and magnetic dipoles. The Hamiltonian of a system of charged particles interacting with 
an electromagnetic field is a multipole expansion (Fiutak, 1963), in which the semiclassical 
Kramers-Heisenberg dispersion equation is demonstrated to be identical with the corresponding 
quantum mechanical description (Göppert-Mayer, 1931). The Hamiltonian describing a molecule 
excited by a field is (Hertzfeldt & Göppert-Mayer, 1936; Fiutak, 1963; Buckingham, 1967): 

ℋ = ℋ0 − 𝑑𝑑𝛼𝛼𝐸𝐸𝛼𝛼 −
1
3
𝛩𝛩𝛼𝛼𝛼𝛼𝐸𝐸𝛼𝛼𝛼𝛼 − 𝑚𝑚𝛼𝛼 − 1/2𝜒𝜒𝛼𝛼𝛼𝛼𝐻𝐻𝛼𝛼𝐻𝐻𝛼𝛼 

where 
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ℋ0 is the Hamiltonian for the free molecule; 
𝑑𝑑𝛼𝛼 = ∑ 𝑒𝑒𝑖𝑖𝑖𝑖 𝑟𝑟𝑖𝑖 or the electric dipole moment; 
𝛩𝛩 = 1

2
∑ (3𝑟𝑟𝑖𝑖𝛼𝛼𝑟𝑟𝑖𝑖𝛽𝛽𝑖𝑖 − 𝑟𝑟𝑖𝑖2𝛿𝛿𝛼𝛼𝛼𝛼) or the quadrupole moment; 

𝑚𝑚𝛼𝛼 = ∑ (𝑒𝑒𝑖𝑖𝑖𝑖 /2𝑚𝑚)𝜀𝜀𝛼𝛼𝛼𝛼𝛼𝛼𝑟𝑟𝑖𝑖𝛽𝛽𝑝𝑝𝑖𝑖𝛾𝛾 or the magnetic moment operator for momentum p; 
𝐸𝐸𝛼𝛼 and 𝐸𝐸𝛼𝛼𝛼𝛼are the electric field and the field gradient at the origin due to external charges; 
χαβ is the nonlinear susceptibility; 
𝐻𝐻𝛼𝛼 and 𝐻𝐻𝛼𝛼 denote the magnetic field; 
𝑒𝑒𝑖𝑖 is the ith element of charge at the point 𝑟𝑟𝑖𝑖 relative to an origin fixed at some point on the 
molecule; 
𝛼𝛼𝛼𝛼 denote vector or tensor components and can be equal to x, y, z. 
 
This is a steady state Hamiltonian multipole expansion but only tangentially relevant to the work 
reported, as the expansion does not address the relaxation times (transient state) challenged by 
polarization modulated beams. The duration of the transient polarization “window” for a variety 
of gases is as follows. 

The Maxwell–Boltzmann distribution law for molecular velocities provides the mean 
square and mean velocities as: 

 �̅�𝜋2 =
3𝑓𝑓𝑓𝑓
𝑚𝑚

; 

�̅�𝜋 = (8�̅�𝜋2/3𝜋𝜋)1/2 

The kinetic theory of gases, assuming that molecules interact like hard spheres, gives: 

           η  =  (5/16σ2)(mkT/π)½     τ  =  l/ 𝜋𝜋 = 4η/5p 

            l = m/(πρσ2√2) 

where k = Boltzmann's constant          σ = molecular diameter 
          T = absolute temperature           m = mass of molecule 
          p = pressure                                l = mean free path 
          ρ = density                                  τ = mean time between collisions. 
          η = viscosity 
 
 The 9.4 𝜇𝜇m CO2 absorption band has a band interval from 850(cm-1) = 12 𝜇𝜇m (25.48 THz) 
to 1250(cm-1) = 8 𝜇𝜇m (37.47 THz) , i.e., 11.99 THz. The relaxation time is thus on the order of 
1/11.99e12 = 83 femtoseconds. Another limiting factor on the window is the molecular inter-
collision time. The mean time between collisions is 108 picoseconds – three orders of magnitude 
greater than the relaxation time. 
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2.2 BLOCH SPHERE 

The Bloch sphere (Fig 2.2.1) is a geometrical representation of the state-space of a two-
level quantum system. The Bloch sphere is a unit 2-sphere, with each pair of antipodal points 
corresponding to mutually orthogonal state vectors. The north and south poles of the Bloch sphere 
are typically chosen to correspond to the standard basis vectors |0> and |1>. Substituting 
polarization states for quantum states gives the Poincaré sphere. 

 
Fig 2.2.1 The Rabi Frequency. The Rabi frequency is the frequency of population oscillation for a given atomic 
transition in a given light field. It is associated with the strength of the coupling between the light and the transition. 
Rabi flopping between the levels of a 2-level system illuminated with resonant light, will occur at the Rabi frequency. 
The Rabi frequency is a semi-classical concept as it is based on a quantum atomic transition and a classical light field. 
If the incident radiation is a pulse, then at the end of the pulse the Bloch vector has been rotated through an angle: 
𝐴𝐴(𝑧𝑧, 𝑑𝑑) = 𝜃𝜃(𝑧𝑧, 𝑑𝑑) = ∫ 𝛺𝛺(𝑧𝑧, 𝑑𝑑′)𝑑𝑑𝑑𝑑′𝑡𝑡

−∞ , where  𝜃𝜃  is the tipping angle or the angle through which the Bloch vector is 
rotated in the 𝑦𝑦′ and 𝑧𝑧′ plane about the 𝑥𝑥′ axis. The angle 𝐴𝐴 is also referred to as the area of the pulse, as it is 
proportional to the area under the pulse envelope in the time domain. For the special case of an intense light pulse 
producing atomic excitation, and if the pulse area is:  𝐴𝐴 = 2𝑠𝑠𝜋𝜋,    𝑠𝑠 = 1,2,3 … The pulse propagates through the 
medium without attenuation of its area, i.e., the medium appears transparent to the light pulse, despite the fact that its 
midfrequency coincides with an atomic resonance. 

 
If the incident radiation on a molecular system is a (POLMOD cw) “pulse”, then at the end of the 
“pulse” the Bloch vector has been rotated through an angle:  

𝐴𝐴(𝑧𝑧, 𝑑𝑑) = 𝜃𝜃(𝑧𝑧, 𝑑𝑑) = � 𝛺𝛺(𝑧𝑧, 𝑑𝑑′)𝑑𝑑𝑑𝑑′
𝑡𝑡

−∞
 

Where 𝜃𝜃  is the tipping angle or the angle through which the Bloch vector is rotated in 𝑦𝑦′ and 𝑧𝑧′ 
plane about the 𝑥𝑥′ axis. The angle 𝐴𝐴 is also referred to as the area of the pulse, as it is proportional 
to the area under the pulse envelope in the time domain. 

For the special case of an intense light pulse producing atomic excitation, and if the pulse 
area is: 

𝐴𝐴 = 2𝑠𝑠𝜋𝜋,   𝑠𝑠 = 1,  2,  3,  …, 
 

Bloch Sphere
Representation: State 1

State 2

Rabi Frequency: , where
is the 2-level dipole moment,

is the envelope function, and
is the unit polarization vector.
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the pulse propagates through the medium without attenuation of its area, i.e., the medium appears 
transparent to the light pulse, despite the fact that its midfrequency coincides with an atomic 
resonance. 
 A simple representation of an ion is as an electron cloud attached to a fixed ion. If the 
attachments are represented in the x, y and z directions as “springs”, and those springs have 
different spring constants in the x, y and z directions, then polarization is more apt to occur in the 
direction or axis of the weakest spring constant. Therefore: 

• Induced polarization will not be parallel to the direction of the inducing field. 
• Susceptibility is not a scalar. 

But differences in refractive index (birefringence) and absorption (dichroism) depend on 
the polarization: 

 
where:  

 
Therefore, a difference in the refractive index, e.g., in the x and y directions (birefringence) or the 
absorption coefficient (dichroism) implies a difference in the susceptibility, e.g., in the x and y 
directions, which is due to the induced polarization. As previously noted, the appropriate 
representation of the susceptibility is thus not as a vector, but as a tensor: 

 
 Atoms are polarized by applied fields: 
 

𝐃𝐃 = 𝜀𝜀0𝐄𝐄 + 𝐏𝐏, 
𝐏𝐏 = 𝜀𝜀0𝜒𝜒𝐄𝐄, 

𝐃𝐃 = 𝜀𝜀0(1 + 𝜒𝜒)𝐄𝐄; 
 
and the conventionally defined Poynting vector is orthogonal to the incident field: 

𝐒𝐒 ∙ 𝐄𝐄 = 0, 
but the wavevector is orthogonal to the electric displacement: 

𝐤𝐤 ∙ 𝐃𝐃 = 0. 
Therefore, because in anisotropic media 𝐄𝐄  and  𝐃𝐃  are not necessarily parallel initially at time 𝑑𝑑0, 
the Poynting vector and the wavevector may diverge. 

In the Lorentz harmonically bound classical particle picture: 

𝑚𝑚�̈�𝑥 = −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑥𝑥

= −𝑚𝑚𝜔𝜔0
2𝑥𝑥, 

the potential 𝑑𝑑 is anharmonic for large displacements: 

𝑑𝑑(𝑥𝑥) =
𝑚𝑚𝜔𝜔0

2

2
𝑥𝑥2 + 𝑏𝑏𝑥𝑥3 + 𝑐𝑐𝑥𝑥4 + ⋯. 

Therefore, the polarization varies nonlinearly with the field: 
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𝑃𝑃 = 𝜀𝜀0�𝜒𝜒(1)𝐸𝐸 + 𝜒𝜒(2)𝐸𝐸2 + 𝜒𝜒(3)𝐸𝐸3 + ⋯�. 
 
A one-dimensional electromagnetic wave propagating in the z-direction through a medium in 
which there is a macroscopic polarization is represented by: 
 

 
 

where P(z,t) is a macroscopic polarization. However, the picture offered by this equation neglects 
the fact the E is a vector and P is a tensor, and that P does not spring immediately, and 
instantaneously, into full amplitude. 
 There is also the claim that the dielectric constant is a tensor (Beth, 1936). Therefore, the 
field intensity E is, in general, not parallel to the polarization, P, nor to the electric displacement, 
D. The torque is then given as: 

𝐋𝐋 = 𝐏𝐏 × 𝐄𝐄. 
The Rabi frequency is the frequency of population oscillation  for a given atomic transition 

in a given light field. It is associated with the strength of the coupling between the light and the  
transition. Rabi flopping between the levels of a 2-level system illuminated with resonant light, 
will occur at the Rabi frequency. But the Rabi frequency is a semi-classical concept as it is based 
on a quantum atomic transition and a classical light field. The Rabi frequency represented in the 
Bloch picture also does not represent the transient polarization state of a rapidly changing 
polarization modulated wave, nor does it account for the tensor nature of polarization P. 
 

 

 

2.3 KOLMOGOROV TURBULENCE THEORY 

The Kolmogorov turbulence theory (KT) assumes statistical homogeneity, isotropy and 
without preferential direction (Kolmogorov, 1941a,b, 1962; Obukhov, 1962). These assumptions 
imply that the mean value of the field is constant and that correlations between random fluctuations 
in the field from point to point are independent of the chosen observation. KT assumes that small 
scale structures are statistically homogeneous, isotropic and independent of large scale structures. 
KT is limited to the inertial subrange l << Lo. It is assumed that the rate at which energy is supplied 
to the largest possible scale is equal to that dissipated at the shortest scale. In some sense, KT 
requires that eddies know how big they are, at which rate energy is supplied to them, and at which 
rate they must supply it to the next smaller eddies in the cascade. External energy is assumed to be 
input only on the largest scales and only dissipated on the smallest scales.   

The optical field associated with the propagation through atmospheric turbulence of 
radiation from a monochromatic point source has a randomly modulated amplitude and a randomly 
modulated phase. Where the amplitude goes to zero the phase manifests a spatial dependence that 
indicates the presence of a branch point (Fried, 1998). A standard adaptive optics system, in 
particular one that utilizes a least mean square error wave-front reconstructor, will not be able to 
properly determine the phase of the optical field in the vicinity of such a branch point. 

Oesch and Sanchez et al (Sanchez & Oesch, 2011a,b; Oesch & Sanchez, 2012; Oesch et 
al, 2012; Oesch et al, 2013) showed that fields with branch points are indicators of photons with 

19 
 



orbital angular momentum (OAM) that can be created in optical waves propagating through 
disturbed turbulence and the creation appears to be governed by the inner scale of turbulence.   

While conventional phase-conjugate adaptive-optics provide good correction for weak-
scintillation conditions, under strong scintillation conditions there is a significant degradation in 
correction as the scintillation increased. The presence of branch points in the phase appears to be 
the primary reason for the degradation in correction as the scintillation increases (Primmerman et 
al, 1995). Furthermore, Levine et al (1998) is the first study of statistics over near-ground paths 
that also provided information on temporal fluctuations instead of probability density functions. 
That study showed that near ground turbulence effects are not consistent with the assumption of a 
Kolmogorov power spectrum. Kolmogorov theory is thus inappropriate for the propagation issues 
addressed in the tests completed. 
 
2.4 ORBITAL ANGULAR MOMENTUM (OAM)  

Beth (1950) and Allen et al (1992; Allen & Padgett, 2000) showed that light beams that 
are not plane waves will possess orbital angular momentum (OAM). Oesch and Sanchez et al 
(Sanchez & Oesch, 2011a,b; Oesch & Sanchez, 2012; Oesch et al, 2012; Oesch et al, 2013) showed 
that fields with branch points are indicators of photons with OAM that can be created in optical 
waves propagating through disturbed turbulence and the creation appears to be governed by the 
inner scale of turbulence. Furthermore, it was demonstrated that creation of angular momentum 
occurred at the highest frequencies is moderated by the inner scale of turbulence. Jackson (1998, 
p. 350) has long provided a classical formulation of angular momentum in spin angular momentum 
(SAM) and orbital angular momentum (OAM) contributions. 

As previously noted, POLMOD is essentially modulated SAM and axial modulation 
(AXMOD) is modulated OAM, but for purposes of mitigating channel/atmospheric/ionospheric 
effects, rather than communications. POLMOD is essentially modulated SAM and axial 
modulation (AXMOD) is modulated OAM, but for purposes of mitigating 
channel/atmospheric/ionospheric effects, rather than communications.  

 
2.5 RELATIONSHIP TO ADAPTIVE OPTICS 

Adaptive optics is a control system for the spatial phase of a beam of light for compensating 
optical aberrations or changing the spatial phase of a beam of light to create a desired effect. Some 
alternative technologies are: deconvolution, spatial filtering, null corrector plates, nonlinear phase 
conjugation. There is an accent with these on the spatial. This accent on the spatial (using classical 
physics) may not be appropriate for laser weaponry and laser communications, for which there is 
an accent on the temporal. POLMOD and AXMOD are temporal, semi-quantum approaches. In 
astronomy and imaging, the objective is to preserve spatial information. In 
communications/weaponry the objective is to preserve information sequence and point focus. 
Whereas adaptive optics addresses the receive side of the channel, POLMOD/AXMOD addresses 
the transmit side. Therefore, POLMOD/AXMOD offers either an alternative approach to the same 
problem, or can be used together with (improved) adaptive optics, each addressing one side of the 
channel. 
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3. MEDIA 

 The media studied were of three types: (1) water vapor in a chamber (Fig 3.1); (2) heated 
air (Fig 3.2); and (3) a medium of changing refractive index: either a compact disk cover, or a 
pseudo-random phase plate (Fig 3.3). The plate was attached to a rotary stage and operated at 5, 
20 and 40 rpm. 

 

Fig 3.1.  Test medium: water vapor arrangement. Water vapor (steam) was passed into the chamber through which 
the modulated and control beams were passed simultaneously. (Report 12). 

 

Fig 3.2 Test Arrangement: Hotplate. A hotplate heated air, creating a turbulent condition. Simultaneously, both the 
test beam (POLMOD) and the control beam were sent over the hotplate at known heights of (1) 2.86 cm, (2) 3.49 cm 
and (3) 4.76. Two photodiodes recorded the beams entering the turbulent medium (IN) and exiting the turbulent 
medium (OUT).  (Report 13). 
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Fig 3.3 Lexitek pseudorandom phase plate, 4 inch square and a 4096 × 4096 array. There is -78.7204 to +72.1974 
radians of phase at the design wavelength λ = 632.8 nm as indicated on the right. 0.0008” grid spacing yielding 3.277 
inch (83.25 mm) diameter. Plate was attached to a rotary stage and was operated at 5, 20 and 40 rpm. Beams were 
propagated at left (225o) at radius 3 inches (0.0762 m). Therefore 5 rpm = 2.39 m/s; 20 rpm = 9.58 m/s; and 40 rpm = 
19.15 m/s. (Report 43). 
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4. LABORATORY TEST CONFIGURATIONS 

 Below are the test configurations: 

Fig 4.1 Test arrangements – hot plate and vapor chamber media. 
Fig 4.2.1 & 4.2.2 Optical configuration – atmospheric tests. 
Fig 4.3 Test arrangement – hot plate medium. 
Fig 4.4 Laser combination designs. 
Fig 4.5 2 Laser Design – block diagrams and instantiation. 
Fig 4.6 3 Laser Design – block diagrams and instantiation. 
Fig 4.7 Spectra of 2 Laser & 3 laser Designs. 
Fig 4.8 3 Beam Design 
Fig 4.9 3 Beam Design – Phase response 
Fig 4.10 3 Beam Design – Phase reponse 
Fig 4.11 3 Beam Design – Poincaré sphere and Lissajous representations 
Fig 4.12 3 Beam Design -  𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  spectra 
Fig 4.13 3 Beam Design -  𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  spectra 
Fig 4.14 Sequence of test recording. 
 
 Fig 4.15 provides a description of entropy, Shannon entropy and threshold entropy. 
Fig 4.16 is a comparison of 2 and 3 laser test design/configurations. 
Figs 4.17-22 address the 3 laser test design/configuration. 
Fig 4.23 plots POLMOD inter-beam phase. 
Fig 4.24 illustrates POLMOD Lissajous patterns. 
Fig 4.25 provides phase rate-of-change plots. 
Fig 4.26 is a phase modulation representation. 
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Fig 4.1 The test arrangements (courtesy Kevin Suter) for hot plate and vapor chamber arrangements. (Report 21). 
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A 

 

B 

Fig 4.2.1 
A: Test Optical Configuration atmospheric tests. 
B: beams were propagated over 80 meters – 160 meters outgoing and incoming. (courtesy, Kevin Suter.) (Report 26) 
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C 

 

D 
Fig 4.2.2 
C: Down range from the optical laboratory: 80 meters each way; 160 meters two-way.  
D: Closeup of down range. (Report 26) 
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Fig 4.3 The Test arrangement, hot plate medium. Beam elevation above hot plate: 42.0 mm. Path length: 50.5 feet. 
Diode laser, 𝛥𝛥 = 532 nm. Krypton laser, 𝛥𝛥 = 456, 476, 488 or 514 nm. (Report 33) 
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Fig 5.4 Laser combining designs for POLMOD (Report 36) 

 

 

Fig 4.5.1  2 Laser Algebraic design: Two laser, Two polarization combinations. Two laser beams of different 
frequencies, u and v. are combined on two orthogonal channels, such that: 

𝐻𝐻𝑃𝑃 = 2𝑐𝑐𝑐𝑐𝑑𝑑 �
𝑢𝑢 + 𝑣𝑣

2
𝑑𝑑� 𝑐𝑐𝑐𝑐𝑑𝑑 �

𝑢𝑢 − 𝑣𝑣
2

𝑑𝑑� = 𝑐𝑐𝑐𝑐𝑑𝑑(𝑢𝑢𝑑𝑑) + cos(𝑣𝑣𝑑𝑑), 

𝑑𝑑𝑃𝑃 = 2𝑐𝑐𝑐𝑐𝑑𝑑 �
𝑢𝑢 + 𝑣𝑣

2
𝑑𝑑� 𝑑𝑑𝑖𝑖𝑠𝑠 �

𝑢𝑢 − 𝑣𝑣
2

𝑑𝑑� = 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) − sin(𝑣𝑣𝑑𝑑). 

The 2 laser beams are split creating 4 beams. The horizontally polarized channel, 𝑐𝑐𝑐𝑐𝑑𝑑(𝑢𝑢𝑑𝑑) + cos(𝑣𝑣𝑑𝑑), is easily 
achieved by beam addition and then rotation. The vertically polarized channel, 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) − sin(𝑣𝑣𝑑𝑑), is achieved by the 
following: (a) Commence with 𝑐𝑐𝑐𝑐𝑑𝑑(𝑢𝑢𝑑𝑑) and cos(𝑣𝑣𝑑𝑑), separately, and delay each constituent beam by 𝜋𝜋/2, separately, 
to obtain one 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) and one sin(𝑣𝑣𝑑𝑑). (b) Delay the sin(𝑣𝑣𝑑𝑑) by 𝜋𝜋 to obtain sin(−𝑣𝑣𝑑𝑑). (c) Add sin(−𝑣𝑣𝑑𝑑) to 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) 
to obtain 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) + sin(−𝑣𝑣𝑑𝑑) = 𝑑𝑑𝑖𝑖𝑠𝑠(𝑢𝑢𝑑𝑑) − sin(𝑣𝑣𝑑𝑑). Finally, combine the vertically and horizontally polarized 
channels. In the above scheme, the 𝜋𝜋/2 and 𝜋𝜋 delays can be combined into one 3𝜋𝜋/2 delay. The medium in the present 
series of tests was the rotating phase plate of Fig 4.3. (Report 43) 
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Fig 4.5.2 Two Laser Algebraic Design  (Report 37) 

 

 

Fig 4.5.3  The instantiation used in the tests reported of the block diagram of Figs 5.5A & B. The video cameras 
sampled at 30 frames/sec and the power meters sampled at 250 Hz. Courtesy Kevin Suter. (Report 43) 
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Fig 4.6.1 3 Laser Design: A 3 beam combination providing 3-POLMOD. Given incident beams of different 
wavelengths that are initially linearly polarized vertically, two rotators – for +45o and -45o rotate the Ar+ and Kr+ 
beams. These two beams are combined to form a beam orthogonal to the diode laser beam. This combined beam is 
then combined orthogonally with the diode laser beam. In the tests reported here, the Krypton beam was set at λ = 
647 nm; the diode beam was set at λ = 532 nm; and the Argon beam was set at one of the 4 λs: 457, 476, 488 or 514 
nm. (Report 43) 

 

Fig 4.6.2  3 Laser Design: A 3 beam combination providing 3-POLMOD. (Report 37) 
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Fig 4.6.3 3 Laser Design: The instantiation used in the tests reported of the block diagram of Figs (5.6A & B). The 
video cameras sampled at 30 frames/sec and the power meters sampled at 250 Hz. Courtesy Kevin Suter. (Report 
43) 
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Fig 4.14 The sequence of test recording. In this Part 1 test report, results of the 2-Line Sequence is reported (top). 
Note that the Power of Diode beam = Power Ar beam + Power Kr beam.  Note also, that this sequence method assumes 
that the dielectrics of the medium are stationary in the time of recoding across the sequence. This only the case for the 
CD cover. (Reports 38 & 43). 
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Fig 4.15 Above, are two 640 × 280 “images”. In A, all the energy is “focused” on one location; in B the energy is 
dispersed to four locations with ¼ of the energy of A in each location – as in an averaged image of a beam dispersed 
by the medium through which it has passed.  

(1) The entropy of image A is 0.2482, and of B is 0.9888, i.e., 
Entropy_B > Entropy_A. 
(2) The Shannon wave packet entropy of image A is 1.3921e+003, and of B is 5.8919e+003, i.e., 
Shannon_entropy_B > Shannon_entropy_A. 
(3) The Threshold wave packet entropy of image A is 4392, and of B is 20992. i.e., 
Threshold_entropy_B > Threshold_entropy_A. 

We see that an average image dispersed by spatial jitter – image B – has more randomness than a less dispersed 
average image – image A – as  shown by 3 measures of entropy. (Report 44. SEP_2014_VIDEO_CAMERAS.) 
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Fig 4.16 A comparison between 2- and 3-Laser Designs.  A: envelopes (beat signal) and B: carriers of 2-POLMOD 
and a 3-POLMOD signal. 

 

Fig 4.17 3 Laser Design: A 3-POLMOD signal composed of   = 532, 457 and 647 nm components, according to the 
Fig 1A configuration. Phase response: cos (2𝜋𝜋((563𝑒𝑒12 − (656𝑒𝑒12 − 463𝑒𝑒12))/2)/2)𝑑𝑑). Three lasing lines: 𝛥𝛥 = 
532, 457 and 647 nm. Phase modulation rate (C2) is ~200 THz. (Report 36. PP: POLMOD 3 BEAMS). 
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Fig 4.18 3 Laser Design: A 3-POLMOD signal composed of   = 532, 457 and 647 nm components, according to the 
Fig 1A configuration. A: Poincaré sphere representation; B: Lissajous patterm; C: Phase reponse: 
cos (2𝜋𝜋((647𝑒𝑒12 − (548𝑒𝑒12 − 563𝑒𝑒12))/2)/2)𝑑𝑑).Note the 3-POLMOD higher frequency compared with the 2-
POLMOD phase modulation. Three lasing lines: 𝛥𝛥 = 532, 547 and 647 nm. Phase modulation rate is ~260 THz. 
Compare with Fig 4, where 𝛥𝛥 = 457 was substituted for 𝛥𝛥 = 547 nm. (Report 36) 

 

Fig 4.19 3 Laser Design: POLMOD phase modulation rate: ~660 THz. 
𝛥𝛥1 = 647 nm (f 1= 463 THz); 𝛥𝛥2 = 547 nm (f 2= 548 THz). 
Orthogonal Beam1 = 4 cos(547𝑒𝑒12𝑑𝑑) + 2cos (463𝑒𝑒12𝑑𝑑) 
Orthogonal Beam2 = 4 sin(547𝑒𝑒12𝑑𝑑) − 2sin (463𝑒𝑒12𝑑𝑑). 
A: Poincaré sphere representation; B & C: Representations over time in Lissajous pattern form; D: Phase reponse: 
~660 THz. (Report 36. PP: POLMOD_3_BEAMS) 
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Fig 4.20 3 Laser Design. (PP: POLMOD_3_BEAMS). 

 

Fig 4.21 2 Laser Design.  Phase Rate of Change 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  – Algebraic Design. Frequencies are: 
193 THz (647+457 nm, orthogonal) 
166 THz (647+476 nm, orthogonal) 
151 THZ (647+488 nm, orthogonal) 
85 THz (647+547 nm, orthogonal) 
(Report 43). 
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Fig 4.22    3 Laser Designs. Frequency domain (spectra) 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  phase-rate-of-change. Upper: 2-Line sequence. 
Lower 3-Line sequence. There are differences in the spectra between the 2-Line sequence and the 3-Line sequence 
method testing but they are minor. Notice that phase modulation rates can be almost as high as 200 THz. (Report 41) 

 

 

 

Fig 4.23 Interbeam Phase. 
A:The interbeam phase changes at a uniform rate. The most rapid change is that of the 𝛥𝛥 = 532 & 457 nm combined 
beam. The slowest is that of the 𝛥𝛥 = 532 & 514 nm beam. 
 B: From the perspective of a receiver/absorber of single polarization, the combined beams are periodic beat waves. 
If f0 is the frequency of the longest wavelength of the combined beam – 𝛥𝛥0 = 532 nm in the present case – and f1 is 
the wavelength of the shortest wavelength of the combined beam, then the envelope of the beat signal is given 
by: 𝑐𝑐𝑐𝑐𝑑𝑑 �2𝜋𝜋 �𝑓𝑓0−𝑓𝑓1

2
� 𝑑𝑑�.  

C: If f0 is the frequency of the longest wavelength of the combined beam – 𝛥𝛥0 = 532 nm in the present case – and f1 
is the wavelength of the shortest wavelength of the combined beam, then the carrier of the beat signal is given by: 
𝑐𝑐𝑐𝑐𝑑𝑑 �2𝜋𝜋 �𝑓𝑓0+𝑓𝑓1

2
� 𝑑𝑑�. (Report 33. POLMOD_BEAT_WAVES_03) 
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Fig 4.24 
A: Upper: A POLMOD beam (blue) represented over 8 femtoseconds and formed from orthogonal 𝛥𝛥 = 457 nm (red) 
and 𝛥𝛥 = 532 nm (green) beams. 
A: Lower: The same beam viewed head-on and forming a Lissajous pattern (over 8 femtoseconds.)  
B: Upper:  A POLMOD beam (blue) represented over 8 femtoseconds and formed from orthogonal 𝛥𝛥 = 514 nm (red) 
and 𝛥𝛥 = 532 nm (green) beams.  
B: Lower:  The same beam viewed head-on and forming a Lissajous pattern (over 8 femtoseconds.) (Report 33. 
POLMOD_BEAT_WAVES_03) 
 

A                                                              B
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Fig 4.25  Phase Rate of Change 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ , – 3 Beam Design. B is an exploded version of A. Frequencies from highest 
to lowest amplitude are: 
103, 90, 195 THz (647 + 457 + 532 nm, orthogonal) 
103, 66, 169 THz (647 + 476 + 532 nm, orthogonal) 
103, 53, 169 THZ (647 + 488 + 532 nm, orthogonal) 
14, 103, 195 THz (647 + 547 + 532 nm, orthogonal) 
(Report 43) 

0.5 1 1.5 2 2.5 3
x 1014

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

3-POLMOD (1,1,1) - PHASE RATE OF CHANGE

A
m

pl
itu

de

Hz
 

 

Krypton 647 nm, Argon 457 nm, Diode 532 nm (1,1,1)
Krypton 647 nm, Argon 476 nm, Diode 532 nm (1,1,1)
Krypton 647 nm, Argon 488 nm, Diode 532 nm (1,1,1)
Krypton 647 nm, Argon 547 nm, Diode 532 nm (1,1,1)

0.5 1 1.5 2 2.5

x 10
14

0

0.5

1

1.5

A
m

pl
itu

de

3-POLMOD (1,1,1) - PHASE RATE OF CHANGE

 

 

0.5 1 1.5 2 2.5

x 10
14

0

0.5

1

1.5

A
m

pl
itu

de

 

 

0.5 1 1.5 2 2.5

x 10
14

0

0.5

1

1.5

A
m

pl
itu

de

 

 

0.5 1 1.5 2 2.5

x 10
14

0

0.5

1

1.5

Hz

A
m

pl
itu

de

 

 

Krypton 647 nm, Argon 457 nm, Diode 532 nm (1,1,1)

Krypton 647 nm, Argon 476 nm, Diode 532 nm (1,1,1)

Krypton 647 nm, Argon 488 nm, Diode 532 nm (1,1,1)

Krypton 647 nm, Argon 547 nm, Diode 532 nm (1,1,1)

39 
 



 

 
Fig 4.26 Phase Modulation (AXMOD) = 563 nm + (A) 656 or (B) 630 or (C) 614 or (D) 583 or (E) 463 nm. Notice 
that (A) & (E) provide a similar combined beam – this is because modulated and modulator change roles. (Report 33; 
POLMOD_BEAT_WAVES_03; POWERPOINT POLMOD_JAN_2014_REPORT_33; POLMOD_BEAT_WAVES_03) 
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5. TEST RESULTS 

5.1 DATA ANALYSIS METHODS 

 

Fig 5.1.1 A data analysis method – one of a number: Water Vapor – see Fig 3.1, above. Besides recordings from the 
modulated (here: 457 nm & 647 orthogonally polarized) and the control (here: a single beam at 647 nm, linearly 
polarized) beams exiting the medium, the “background” – or no input – condition, and the “input” – the beam 
amplitudes prior to entering the medium – condition, were also recorded. The two beams, modulated and unmodulated 
or control – were aligned at the same amplitude. The data for the two conditions – modulated and control -  were 
recorded at 30 Hz exiting the medium. The data were further treated by (1) subtracting the mean of the background 
from the medium-exiting or output amplitude, and (2) dividing by the mean of the medium-entering or input amplitude. 
This treated data were displayed in a phase, or scatterplot, shown here. The scatterplot thus removes the time variable. 
The centroid for the data, and the distance from the center line of “no difference” between the modulated and control 
conditions were then calculated. (Report No 12). 
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Fig 5.1.2 A Typical Result – Water Vapor Medium – see Fig 3.1 above. In all cases tested, (1) the modulated beam 
was noisier than the control beam even before entering the chamber, but (2A) the relative reduction in the mean of the 
entering (input) to the chamber vs. exiting (output) beam from the chamber, was greater for the control beam, and 
(2B) the relative increase in the standard deviation of the entering (input) to the chamber vs. exiting (output) beam 
from the chamber, was also greater for the control beam. Thus, while the modulated beam was noisier regardless of 
the medium, the beam was remarkably stable after passing through the medium. Why the modulated beam is noisier 
is unclear. All the results for all the tested conditions – (HELSTF_NOV_2012_ANALYSIS_WATER_VAPOR_PD, 
Report No 14) 
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Fig 5.1.3 An example of the analysis procedure. (A) Medium: Heated Air (see Fig 3.2, above). (B) Water Vapor (see 
Fig 3.1, above) The statistical measure is the x centroid and histogram bin counts were calculated for both control (the 
647 nm beam – in red) and the modulated (the 647 & 457 nm beam – in blue) – POLMOD in this case. The result for 
the modulated beam is overlaid on that for the control beam. The standard deviations were taken from the original 
data, and the ratio – modulated beam to control beam calculated. In this case it is 0.59126, indicating a decrease in the 
jitter for the modulated beam. Both beams are of equal entering-medium power. In this example, the level of the beams 
above the hot plate was Level 1. (Reports 17 & 18) 

 

 

Fig 5.1.4  Medium: Water Vapor (see Fig 3.1, above).  A example of continuation of the analysis procedure. 
Probability density measures were calculated based on a normal kernel function for the data of Fig 3A. An easily 
visualized comparison of the control and modulated beam can then be made – lower figure. (Reports 17 & 18) 

A                                                                                                     B
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Fig 5.1.5 Medium: Power meter tests conducted for propagation over 160 meters of desert (see Figs 4.2.1 & 4.2.2, 
above). (Report 26) 

 
Fig 5.1.6.1 An example of an analysis procedure. The statistical measure is the distance d of the output beam 
(camera 1) from the input beam (camera 2), where:  

𝑑𝑑 = �(𝑥𝑥_𝑐𝑐𝑒𝑒𝑠𝑠𝑑𝑑𝑟𝑟𝑐𝑐𝑖𝑖𝑑𝑑_𝑐𝑐𝑢𝑢𝑑𝑑 − 𝑥𝑥_𝑐𝑐𝑒𝑒𝑠𝑠𝑑𝑑𝑟𝑟𝑐𝑐𝑖𝑖𝑑𝑑_𝑖𝑖𝑠𝑠)2 + (𝑦𝑦_𝑐𝑐𝑒𝑒𝑠𝑠𝑑𝑑𝑟𝑟𝑐𝑐𝑖𝑖𝑑𝑑_𝑐𝑐𝑢𝑢𝑑𝑑 − 𝑦𝑦_𝑐𝑐𝑒𝑒𝑠𝑠𝑑𝑑𝑟𝑟𝑐𝑐𝑖𝑖𝑑𝑑_𝑖𝑖𝑠𝑠)2  . 

Histogram bin counts were calculated for both control beams (either the 532 nm beam alone, or the ξ nm beam alone 
– in red here) and the modulated (the 532 & x nm beam – in blue), where ξ = 457, 476, 488 or 514 nm – POLMOD 
modulation in this case. The result for the modulated beam is overlaid on that for the control beam. The standard 
deviations were taken from the original data, and the ratio – modulated beam to control beam calculated. In this case 
it is 0.59126, indicating a decrease in the jitter for the modulated beam. Both beams are of equal entering-medium 
power. The distance of the beams above the hot plate was 42.0 mm. (Report 33) 
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Fig 5.1.6.2 Probability density measures were calculated based on a normal kernel function for the data of Fig 
5.1.6.1. An easily visualized comparison of the control and modulated beam can then be made – lower 
figure.(Report 33) 

 

Fig 5.1.7 Video Cameras: Standard deviation data extraction. The 𝜎𝜎’s were calculated for the x and y centroids, 
providing deviations from a central location, the 𝜎𝜎’s indicating a measure of jitter. Note again, that only in the case of 
the CD cover were the dielectrics of the medium stationary. Therefore the results from the CD cover are considered 
the most reliable. 
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Fig 5.1.8 Power Meters: Standard deviation data extraction. Note again, that only in the case of the CD cover were 
the dielectrics of the medium stationary. Therefore the results from the CD cover are the most reliable. (Report 38) 

 

 

 

Fig 5.1.9. The means of the x and y centroids for the input and output to the CD medium provided by the 2 CCD 
cameras permitted the change, d, effected by the medium to be calculated.  (Report 34) 
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Fig 5.1.10. Data analysis method. Using the d measures (Fig 5.1.9), a (no effect) expectancy was calculated based on 
the return signal (RX) offset d alignment of the combined beam (POLMOD or AXMOD) being equidistant between 
the RX offset d alignment of the 2 control beams. This expectancy is the null result condition. A percentage 
improvement, i.e., percentage deviation from the expectancy, could then be calculated. (Report 34; POWERPOINT: HELST 
JAN 2014. PP: HELSTF_JANUARY_1014_VISIT_CCD_CAMERAS) 
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5.2 DATA ANALYSIS 

 This section provides the evidence of jitter mitigation and the quantitative results under the 
conditions and test configurations described. 

 

Fig 5.2.1 Heated Air Medium (Hot Plate – Fig 3.2, above). Test beam composed of λ = 647 nm beam (Krypton) 
modulated by a (A) λ = 457 nm beam; (B) λ = 476 nm; (C)  λ = 488 nm; (D) λ = 514 nm beam, (Argon), for the two 
modulations: POLMOD and AXMOD. There are two statistical measures: standard deviations of the X centroid and 
of the Y centroid, giving 4 conditions for the test beam (left) and for the control beam (right). It should be noted that 
the y-axis is the logarithm of the percentage increase in a beam’s standard deviation after passing through the medium 
(over the hotplate). There is an extremely clear difference between the test and the control results. These results are 
based on a measure of differences between entering and exiting the medium for all wavelength combinations. (January 
2013 tests, Report No 13) 

A                                                                         B

C                                                                        D
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Fig 5.2.2 Water Vapor Medium (see Fig 3.1, above) 
A: Ratio of standard deviations (output/input), modulated beams vs control beam. The result is clear-cut and 
noteworthy. The ratio increases in the case of the control (unmodulated) beam, but remains remarkably constant near 
1.0 in the case of the modulated (POLMOD and AXMOD) beams – despite the noisy condition of the modulated 
beams.   
B: Ratio of means (output/input), modulated beams vs control beam. The result is again clear-cut and noteworthy. The 
ratio decreases in the case of the control (unmodulated) beam, but remains remarkably constant near 0.9 in the case 
of the modulated (POLMOD and AXMOD) beams – despite the noisy condition of the modulated beams.  (Report No 
14) 
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Fig 5.2.3 Heated Air Medium (Hot Plate – see Fig 3.2, above). Percentage change in standard deviation ratios 
(modulated/control), where modulation is either POLMOD or AXMOD, at three levels of beam passage over the hot 
plate, and with four modulating wavelengths λ = 457, 476, 488 and 514 nm with carrier λ = 647 nm. Control beam 
wavelength λ = 647 nm and the modulation and control beams were of equal amplitude. The expectancy was that any 
change due to a modulation would be in the negative direction, i.e., less jitter from passing through the medium 
defeating changing refraction (the real part of the medium dielectric constant). The expected result was obtained in all 
cases. (Report 19) 
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Fig 5.2.4.1 Medium: Heated Air (Hot Plate, see Fig 3.2, above). Upper: POLMOD. Lower: AXMOD. X Centroid: 
647 & 457 nm (modulated) – blue – and  647 nm (control) – red – beams. Columns: Levels 1, 2 and 3. (Report 17) 

 

Fig 5.2.4.2 Medium: Heated Air (Hot Plate, see Fig 3.2, above). Upper: POLMOD. Lower: AXMOD. Y Centroid: 
647 & 457 nm (modulated) – blue – and  647 nm (control) – red – beams. Columns: Levels 1, 2 and 3. The same 
data are represented in A and B. (Report 17) 
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Fig 5.2.4.3 Medium: Heated Air (Hot Plate, see Fig 3.2, above). Upper: POLMOD. Lower: AXMOD. X Centroid: 
647 & 476 nm (modulated) – blue – and  647 nm (control) – red – beams. Columns: Levels 1, 2 and 3. The same data 
are represented in A and B. (Report 17) 

 

Fig 5.2.4.4 Medium: Heated Air (Hot Plate, see Fig 3.2, above). Upper: POLMOD. Lower: AXMOD. Y Centroid: 
647 & 476 nm (modulated) – blue – and  647 nm (control) – red – beams. Columns: Levels 1, 2 and 3. The same data 
are represented in A and B. (Report 17) 
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A 

B 

Fig 5.2.5.1 Medium: Water Vapor (see Fig 3.1, above). X Centroid: 647 & 457 nm (modulated) – blue – and  647 
nm (control) – red – beams. Columns: POLMOD & AXMOD. The same data are represented in A and B. (Report 
18) 
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A 

 
B 

Fig 5.2.5.2 Medium: Water Vapor (see Fig 3.1, above).Y Centroid: 647 & 457 nm (modulated) – blue – and  647 nm 
(control) – red – beams. Columns: POLMOD & AXMOD. The same data are represented in A and B. (Report 18) 
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A 

B 

Fig 5.2.6.1 Medium: Water Vapor (see Fig 3.1, above). X Centroid: 647 & 488 nm (modulated) – blue – and  647 nm 
(control) – red – beams. Columns: POLMOD & AXMOD. The same data are represented in A and B. (Report 18) 
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A 

B 

Fig 5.2.6.2 Medium: Water Vapor (see Fig 3.1, above). Y Centroid: 647 & 488 nm (modulated) – blue – and  647 nm 
(control) – red – beams. Columns: POLMOD & AXMOD. The same data are represented in A and B. (Report 18) 
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Fig 5.2.7 Medium: Heated Air (see Fig 3.2, above). Standard deviation ratios: modulated beam/control beam. Upper: 
X centroid values; Lower: Y centroid values.  
(A): Except for AXMOD, Y Centroid, Level 2, all ratios are less than 1.0, which, if the input modulated and control 
beams were equal in jitter, indicate a reduction in jitter increase resulting from passage through the medium, by the 
modulated condition.  
(B) All ratios are less than 1.0, which, if the input modulated and control beams were equal in jitter, indicate a reduction 
in jitter increase resulting from passage through the medium, by the modulated condition. (Report 17) 

A                                                                        B
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Fig 5.2.8 Medium: Water Vapor (see Fig 3.1, above). Standard deviation ratios: modulated beam/control beam. Upper: 
X centroid values; Lower: Y centroid values. Except for the AXMOD, Y Centroid, (647 & 457)/647 result (lower, 
right), all ratios are less than 1.0, which, if the input modulated and control beams were equal in jitter as assumed, 
indicate a substantial reduction by the modulated conditions of normal jitter-increase resulting from passage through 
the medium. (Report 18) 

 

Fig 5.2.9 Medium: Power meter tests conducted for propagation over 160 meters of desert (see Figs 4.2.1 & 4.2.2, 
above). POLMOD and AXMOD power meter results for  
(A) LEFT: λ = 647 nm alone, 476 nm alone & 647 + 476 nm combined. RIGHT: the λ = 647 nm alone and λ = 476 
nm alone results have been averaged.  
(B) LEFT: λ = 647 nm alone, 488 nm alone & 647 + 488 nm combined. RIGHT: the λ = 647 nm alone and λ = 476 
nm alone results have been averaged.  
(C) LEFT: λ = 647 nm alone, 514 nm alone & 647 + 514 nm combined. RIGHT: the λ = 647 nm alone and λ = 476 
nm alone results have been averaged.  
There is less attenuation in the case of the modulated beams. (Report 26) 
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Fig 5.2.10 Medium: Power meter tests conducted for propagation over 160 meters of desert (see Figs 4.2.1 & 4.2.2, 
above). AXMOD X and Y Centroid histograms for the three cases: (a) Krypton beam alone (λ = 647 nm); (b) Argon 
beam alone (λ = 488 nm); and (c) modulated beam. Beam with maximum jitter is the 488 beam. (Report 27)  

A                                                                                       B
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A             B 

 

C                                                                                          D 

Fig 5.2.11.1  Medium: heated Air (Hot Plate, see Fig 3.2 above). POLMOD Input-Output variation d value 
histograms: 532 & ξ nm (modulated) – blue – where = 457 (A), 476 (B), 488 (C) and 514 (D) nm. In A-C, in the 
case of the upper figure, the comparison control beam – red – is  𝛥𝛥 = ξ, (ξ = 457 (A), 476 (B), 488 (C) and 514 (D)); 
and in the case of the bottom figure, the comparison control beam – red –  is 𝛥𝛥 = 514 nm.  (Report 33) 
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                                            A                                                                                      B 

 
                                            C                          D 

Fig 5.2.11.2 Medium: heated Air (Hot Plate, see Fig 3.2 above).  POLMOD Input-Output variation d value histograms: 
532 & ξ nm (modulated) – blue – where = 457 (A), 476 (B), 488 (C) and 514 (D) nm. Probability density measures 
calculated for the data shown in Fig 8A based on a normal kernel function. An easily visualized comparison of the 
control and modulated beam can then be made – lower figure. (Report 33) 
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A                                                                                    B 

 

                              C                                                                                         D 

Fig 5.2.12.1 Medium: heated Air (Hot Plate, see Fig 3.2 above). AXMOD Input-Output variation d value 
histograms: 532 & ξ nm (modulated) – blue – where = 457 (A), 476 (B), 488 (C) and 514 (D) nm. In A-C, in the 
case of the upper figure, the comparison control beam – red – is  𝛥𝛥 = ξ, (ξ = 457 (A), 476 (B), 488 (C) and 514 (D)); 
and in the case of the bottom figure, the comparison control beam – red –  is 𝛥𝛥 = 514 nm. (Report 33) 
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                                               A                                                                                      B 

  
                                               C                                                                                         D  

 

Fig 5.2.12.2 Medium: heated Air (Hot Plate, see Fig 3.2 above). AXMOD Input-Output variation d value 
histograms: 532 & ξ nm (modulated) – blue – where = 457 (A), 476 (B), 488 (C) and 514 (D) nm. Probability 
density measures calculated for the data shown in Fig 9A based on a normal kernel function. An easily visualized 
comparison of the control and modulated beam can then be made – lower figure. (Report 33) 

 

-15 -10 -5 0 5 10 15
0

2

4

6

8

10

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

INPUT-OUTPUT VARIATION AXMOD 532 & 457 nm – STD DEV RATIO (AXMOD/CONTROL) = 0.51773
HOTPLATE

 

 
AXMOD: 532 & 457 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

5

10

15

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 
CONTROL 532 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

10

cm

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 AXMOD 532 & 457 nm probability density estimate based on normal kernel function
CONTROL 532 nm probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

10

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

INPUT-OUTPUT VARIATION AXMOD 532 & 457 nm – STD DEV RATIO (AXMOD/CONTROL) = 0.51337
HOT PLATE

 

 
AXMOD: 532 & 457 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

5

10

15

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 
CONTROL 457 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

cm

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 AXMOD 532 & 457 nm probability density estimate based on normal kernel function
CONTROL 457 nm probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

INPUT-OUTPUT VARIATION POLMOD 532 & 476 nm – STD DEV RATIO (POLMOD/CONTROL) = 0.51152
HOTPLATE

 

 
POLMOD: 532 & 476 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

5

10

15

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 
CONTROL 532 nm
probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

10

cm

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 POLMOD 532 & 476 nm probability density estimate based on normal kernel function
CONTROL 532 nm probability density estimate based on normal kernel function

-30 -20 -10 0 10 20 30
0

2

4

6

8

10

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

INPUT-OUTPUT VARIATION AXMOD 532 & 476 nm – STD DEV RATIO (AXMOD/CONTROL) = 0.6438
HOTPLATE

 

 

AXMOD: 532 & 476 nm
probability density estimate based on normal kernel function

-30 -20 -10 0 10 20 30
0

2

4

6

8

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 

CONTROL 476 nm
probability density estimate based on normal kernel function

-30 -20 -10 0 10 20 30
0

1

2

3

4

5

cm

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

 

 AXMOD 532 & 476 nm probability density estimate based on normal kernel function
CONTROL 476 nm probability density estimate based on normal kernel function

-15 -10 -5 0 5 10 15
0

2

4

6

8

nu
m

be
r 

pe
r 

bi
n 

ov
er

 9
00

 s
ec

on
ds

INPUT-OUTPUT VARIATION POLMOD 532 & 476 nm – STD DEV RATIO (POLMOD/CONTROL) = 0.51152
HOTPLATE

 

 
POLMOD: 532 & 476 nm
probability density estimate based on normal kernel function
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AXMOD: 532 & 488 nm
probability density estimate based on normal kernel function
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AXMOD: 532 & 514 nm
probability density estimate based on normal kernel function
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Fig 5.2.13 Medium: Phase Plate: CD case. d measures (see Fig 5.1.9, above), stationary refractive index tests (I) – see 
test procedure Fig 4.14, above, and analysis procedure 5.1.7 above). The results for the propagations through the CD 
medium of (i) first the single 𝛥𝛥2 control Argon beam ( 𝛥𝛥2 = 457, 476, 488 or 514 nm), then (ii) the single 𝛥𝛥1 beam 
(647 nm) control beam, and finally, (iii) the 𝛥𝛥1 + 𝛥𝛥2 test beam. A: the POLMOD condition; B: the AXMOD condition. 
(Report 34; POWERPOINT: HELST JAN 2014) 
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A 

 
B 

Fig 5.2.14 Medium: Phase Plate: CD case.The resulting percentage d deviations from expectancy measures for 
conditions (I) 𝛥𝛥1 = 647 nm and (II) 𝛥𝛥1 = 432 nm, under the (A) POLMOD and (B) PhaseMod conditions, and for 
modulating frequencies, 𝛥𝛥2 = 457, 476, 488 or 514 nm. A trend can be seen that indicates the highest improvement in 
refractive index-induced deviation in beam alignment occurs when (𝛥𝛥1 − 𝛥𝛥2) is greatest. (Report 34. PP: 
HELSTF_JANUARY_1014_VISIT_CCD_CAMERAS) 
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Fig 5.2.15 Media: Phase Plate, CD case, Heated Air, Water Vapor. Power meters: In the case of the CD cover medium 
– the most reliable condition – there is a clear reduction in the 𝜎𝜎’s across Ar λ’s = 457, 476, 488 & 514 nm. The 
reduction is even evident for the hot air medium for Ar λ’s = 457 and 476 nm. Interestingly, the 𝜎𝜎’s for diode  = 532 
nm at Ar λ’s = 488 and 514 nm are increased in comparison with the Kr + Ar and combined conditions. Noteworthy 
are the amplitudes of the combined condition. This tableau clearly indicates the non-stationarity of the vapor condition 
in comparison even with the hot air. One might expect that as the Power of Diode beam = Power Ar beam + Power 
Kr beam, the power for the combined beam should the sum of all beams. (Report 38) 

 

Fig 5.2.16 Media: Phase Plate, CD case, Heated Air, Water Vapor.  Video cameras and power meter data. Top row: 
the 𝜎𝜎’s for the cameras’ x and y centroids were averaged. It can be seen that in the case of the CD cover, camera data, 
the combined beam condition clearly improves the 𝜎𝜎′s (jitter). Bottom row: in the case of the power meter data, there 
is an extremely clear result of improvement for the combined beam condition in the case of the CD cover as well as 
some improvements in the case of the hot plate and vapor. (Report 38) 
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Fig 5.2.17 Media: Phase Plate, CD case, Heated Air, Water Vapor.  An overview of the video camera and power meter 
together. In each of these bar graph combinations, the 𝜎𝜎’s for the x and y centroids are the triplets on the left and the 
𝜎𝜎’s for the power meter are the triplets on the right. In all, the dark green indicates the diode laser (λ = 532 nm) alone, 
the light green the Kr (λ = 532 nm) + Ar (λ = 457, 476, 488 or 514 nm) alone, and the yellow the combined beam. 
The combined beam improvement in 𝜎𝜎’s is evident in the case of the CD cover. It is also evident in the case of the hot 
air medium for Ar (λ = 457, 476  and 514 nm). The vapor condition – the most nonstationary – shows less 
improvement. (Report 38) 
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Fig 5.2.18 Media: Phase Plate, CD case, Heated Air, Water Vapor.  Top row: camera, the 𝜎𝜎’s for the d measures 
obtained from x and y centroids. It can be seen that in the case of the CD cover, camera data, the combined beam 
condition clearly improves the 𝜎𝜎′s (jitter). Bottom row: in the case of the power meter data, there is an extremely clear 
result of improvement for the combined beam condition in the case of the CD cover as well as for the hot plate, but 
no improvement for the vapor. Ellipses indicate significant improvement. (Report 39) 
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Fig 5.2.19 Medium: Rotating Phase Plate (see Fig 3.3 above). Temporal Jitter results, 2 Line Algebraic Design (see 
Figs 4.5.1-3 above). POLMOD improvements in the coefficient of variation, at phase plate rotations 5, 20 and 40 rpm, 
and with orthogonal beam wavelength separations of  ∆λ = 190 nm (647 + 457 nm), 171 nm (647 + 476 nm), 159 nm 
(647 + 488 nm) and 133 nm (647 +514 nm). Note the decline in coefficient of variation improvement at 133 nm (647 
+514 nm). (Report 43) 

 
Fig 5.2.20 Medium: Rotating Phase Plate (see Fig 3.3 above). Temporal Jitter results, 3 Beam Design (Figs 4.6.1-3 
above). POLMOD improvements in the coefficient of variation, at phase plate rotations 5, 20 and 40 rpm. Note the 
decline in the coefficient of variation improvement with combination 647 + 532 + 488 nm. (Report 43) 
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Fig 5.2.21 Medium: Rotating Phase Plate (see Fig 3.3 above). Upper Row: Line Design  (Figs 4.6.1-3 above). Lower 
Row: Algebra Design  (Figs 4.5.1-3 above). 
A:  Entropy Measure of Randomness .Clearly, in all instances at all wavelength combinations, the orthogonally 
combined beams reduce spatial jitter (dispersion) at all 3 RPMs of the phase plate (see Fig 1). Entropy_B > Entropy_A. 
B: Shannon Wave Packet Entropy Measure of Randomness.. Clearly, and again, in all instances at all wavelength 
combinations, the orthogonally combined beams reduce spatial jitter (dispersion) at all 3 RPMs of the phase plate. 
Shannon_entropy_B > Shannon_entropy_A. 
C: Threshold Wave Packet (0.2) Entropy Measure of Randomness. Clearly, and again, in all instances at all 
wavelength combinations, the orthogonally combined beams reduce spatial jitter (dispersion) at all 3 RPMs of the 
phase plate. Threshold_entropy_B > Threshold_entropy_A. (Report 44. SEP_2014_VIDEO_CAMERAS) 
  

A                                                            B                                                        C

70 
 



 

6. GEOMETRIC ALGEBRA 

6.1 INTRODUCTION 

Polarization modulation finds an appropriate description in geometric (Clifford) algebra, 
rather than the conventionally used algebra of Gibbs and Heaviside. Here, we provide a short 
overview of this algebra (cf. Hestenes & Sobczyk, 1984; Chisholm & Common, 1986; Baylis, 
1999; Doran & Lasenby, 2003; Arthur, 2011; Chappel, et al, 2014).  

We treat two polarization modulation conditions provided by: 

(1):     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 

(2):               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ; 𝑎𝑎1 = 𝑎𝑎2 = 1..  

 The amplitudes of two constituent beams forming a combined beam can be changed, but 
for purposes of exposition, they are not here. 

 The basis of geometric algebra is the geometric product, and the inner and outer products 
are derived constructions. For example: 

𝑑𝑑ℎ𝑒𝑒 𝑔𝑔𝑒𝑒𝑐𝑐𝑚𝑚𝑒𝑒𝑑𝑑𝑟𝑟𝑖𝑖𝑐𝑐 𝑝𝑝𝑟𝑟𝑐𝑐𝑑𝑑𝑢𝑢𝑐𝑐𝑑𝑑 𝑐𝑐𝑓𝑓 𝑑𝑑𝑡𝑡𝑐𝑐 𝑣𝑣𝑒𝑒𝑐𝑐𝑑𝑑𝑐𝑐𝑟𝑟𝑑𝑑: 𝑥𝑥𝑦𝑦 = 𝑥𝑥⋀𝑦𝑦 +  𝑥𝑥 ∙ 𝑦𝑦, 

where  “∙” signifies the inner (dot) product and the symmetric part of the geometric product: 

𝑑𝑑ℎ𝑒𝑒 𝑖𝑖𝑠𝑠𝑠𝑠𝑒𝑒𝑟𝑟 𝑝𝑝𝑟𝑟𝑐𝑐𝑑𝑑𝑢𝑢𝑐𝑐𝑑𝑑 𝑐𝑐𝑓𝑓 𝑑𝑑𝑡𝑡𝑐𝑐 𝑣𝑣𝑒𝑒𝑐𝑐𝑑𝑑𝑐𝑐𝑟𝑟𝑑𝑑: 𝑥𝑥 ∙ 𝑦𝑦 = 1/2(𝑥𝑥𝑦𝑦 + 𝑦𝑦𝑥𝑥) 

and “⋀” signifies the outer product and the anti-symmetric part of the geometric product: 

𝑑𝑑ℎ𝑒𝑒 𝑐𝑐𝑢𝑢𝑑𝑑𝑒𝑒𝑟𝑟 𝑝𝑝𝑟𝑟𝑐𝑐𝑑𝑑𝑢𝑢𝑐𝑐𝑑𝑑 𝑐𝑐𝑓𝑓 𝑑𝑑𝑡𝑡𝑐𝑐 𝑣𝑣𝑒𝑒𝑐𝑐𝑑𝑑𝑐𝑐𝑟𝑟𝑑𝑑: 𝑥𝑥⋀𝑦𝑦 = 1/2(𝑥𝑥𝑦𝑦 − 𝑦𝑦𝑥𝑥). 

Whereas the inner and outer products are not invertible, the geometric product is. 

 We seek an algebra that describes not just positions on the Poincaré sphere (static 
polarizations), but movements on the sphere (polarization modulation). Geometric algebra 
provides this algebra, because the geometric product is an operator for both a rotation and a dilation 
of one vector to another, and the rotation is defined as: 

𝑅𝑅 = 𝑦𝑦 𝑥𝑥⁄ =
𝑦𝑦𝑥𝑥
𝑥𝑥 ∙ 𝑦𝑦

. 

Thus, given a combined wave, instantaneous polarization defined as x at instant t, and a combined 
wave instantaneous polarization defined as y at instant t + 1, we make the substitution in this 
instant, i.e., x = y, repeating the process for t + 2, etc., then R defines the polarization modulation 
trajectory of the combined beam. 

For the steady state, the polarization field, P, and the electric field, E, are related by the electric 
susceptibility tensor, χ : 
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�
𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑧𝑧
� = 𝜀𝜀0 �

χ𝑥𝑥𝑥𝑥 χ𝑥𝑥𝑦𝑦 χ𝑥𝑥𝑧𝑧
χ𝑦𝑦𝑥𝑥 χ𝑦𝑦𝑦𝑦 χ𝑦𝑦𝑧𝑧
χ𝑧𝑧𝑥𝑥 χ𝑧𝑧𝑦𝑦 χ𝑧𝑧𝑧𝑧

��
𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑧𝑧
�. 

But this is for the steady state, and as the tests will involve plane waves, we can neglect the z 
spatial plane, and substitute sampling time, t, and molecular orientation time, 𝜏𝜏: 

�
𝑃𝑃𝑥𝑥
𝑃𝑃𝑦𝑦
𝑃𝑃𝑡𝑡
� = 𝜀𝜀0 �

χ𝑥𝑥𝑥𝑥 χ𝑥𝑥𝑦𝑦 χ𝑥𝑥𝑥𝑥
χ𝑦𝑦𝑥𝑥 χ𝑦𝑦𝑦𝑦 χ𝑦𝑦𝑥𝑥
χ𝑥𝑥𝑥𝑥 χ𝑥𝑥𝑦𝑦 χ𝑥𝑥𝑥𝑥

��
𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑡𝑡
�. 

 A similar relation exists between the magnetization, or magnetic dipole moment, M, the 
volume magnetic susceptibility, 𝜒𝜒𝑚𝑚,and the magnetic induction field, B: 

�
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑡𝑡

� = 𝜇𝜇0−1 �
χ𝑥𝑥𝑥𝑥m χ𝑥𝑥𝑦𝑦m χ𝑥𝑥𝑥𝑥m

χ𝑦𝑦𝑥𝑥m χ𝑦𝑦𝑦𝑦m χ𝑦𝑦𝑥𝑥m

χ𝑥𝑥𝑥𝑥m χ𝑥𝑥𝑥𝑥m χ𝑥𝑥𝑥𝑥m
��

𝐵𝐵𝑥𝑥
𝐵𝐵𝑦𝑦
𝐵𝐵𝑡𝑡
�. 

 Whereas the E field is a conventional polar vector, the B field is an axial vector, or bivector, 
that is, it is a directed area. The algebra of conventional electromagnetic theory is inappropriate 
for describing this difference. In the Figs 6.1.1-9 are shown the polar E field and the accompanying 
axial (bivector) B field which arises when the E field departs from linear polarization. It is the 
rapid rate of change in the E and B fields that challenges the orientation and relaxation times of 
the electric susceptibility tensor, χ , and the volume magnetic susceptibility, 𝜒𝜒𝑚𝑚.  

 
Fig 6.1.1.1 Representation of a trivector, which is formed by the outer product (or wedge product) of three independent 
vectors: e.g., e1^e2^e3, and is a directed volume element or oriented volume. In the present instance, a first linearly 
polarized E beam (signal 1) is represented along e1; a second linearly E polarized beam (signal 2) but orthogonally 
polarized to the first is represented along e2; and time, or the number of sampling intervals is represented along e3. 
The combined static circularly polarized E beam is shown in red – the beam is not polarization modulated. The B 
field is shown as bivector areas in blue. A signed scalar denotes the volume of a trivector. There are 4 expansions and 
contractions of the B field corresponding to one Lissajous pattern cycle of the E field. 
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Fig 6.1.1.2 Partial representation of a trivector showing one expansion and contractions of the B field corresponding 
to one Lissajous pattern cycle of the E field.  

 

Fig 6.1.2:  The combined beam E field trajectory in the x,y,t trivector (upper); viewed head-on (lower). In both A & 
B are shown 36 sampling points (= 36 femtoseconds) of the resultant summed trajectory of two orthogonally polarized 
beams (blue) with the amplitude of the 1st beam represented on the x-axis, and the amplitude of the 2nd beam on the 
y-axis. The red lines indicate the build over time of so-called polarization ellipses (or x-y plots, or Lissajous figures), 
and that are shown in Fig. 6.4. In A, the orthogonal beams are of the same frequency but offset by 90o – therefore, 
there is static circular polarization. In B, the orthogonal beams are of different frequencies resulting polarization 
modulation. 
In A:     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 
In B:               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑎𝑎1 = 𝑎𝑎2 = 1..  
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Fig 6.1.3 Two E fields and the S trivector volume for left: static circular polarization; and right: polarization 
modulation. (geometric_algebra_06(a0,a1,a3,a4);  POLMOD_MATLAB_GEOMETRIC_ALGEBRA_03) 

 

A         B 
Fig 6.1.4 The B field in the x,y,t trivectors sampled at 1 ExaHertz (1018 Hz). The magnetic field, B, is a bivector and 
represented as a surface, B = e1^e2, where, in the present instance, the 1st beam is represented along the e1 axis, and 
the 2nd beam along the e2 axis and orthogonal to 1st. The B field surface geometry is arbitrary and is shown here with 
a circular boundary. In A (static circular polarization) the representation is over 1.5 femtosecs; in B (polarization 
modulation) the representation is over 2.8 femtosecs. 
In A:     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 
In B:               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑎𝑎1 = 𝑎𝑎2 = 1.  
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Fig 6.1.5 Representation of one cycle of the E field during which the B field progresses from (1) circularly polarized 
corotating; (2) controtating; (3) corotating; and (4) contrarotating. (PP POLMOD_MATLAB_GEOMETRIC_ALGEBRA) 

 

 
Fig 6.1.6 The progression from  (1) circularly polarized corotating; (2) controtating; (3) corotating; and (4) 
contrarotating, shown in Fig 6.5, is made explicit from and examination of the two orthogonally polarized constituent 
beams of the combined beam. 
(PP POLMOD_MATLAB_GEOMETRIC ALGEBRA & POLMOD_MATLAB_GEOMETRIC_ALGEBRA_3) 
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                                             A                                                                                                 B 

Fig 6.1.7 E and B field representations. The termination of the E vector is shown in red. The extent of the area of the 
B bivector is shown in blue. Sample rate is 1 ExaHertz (1018 Hz). 
In A (a static circular polarization) the representation is over 1.5 femtosecs; in B (a polarization modulation) the 
representation is over 5.4 femtosecs. 
In A:     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 
In B:               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑎𝑎1 = 𝑎𝑎2 = 1.  
  

 

 

                   A                                                                                           B 

Fig 6.1.8 E and B fields of Fig 6.1.7 shown head-on as Lissajous patterns. The termination of the E vector is shown 
in red. The extent of the area of the B bivector is shown in blue. Sample rate is 1 ExaHertz (1018 Hz). 
In A (a static circular polarization) the representation is over 1.5 femtosecs; in B (a polarization modulation) the 
representation is over 5.4 femtosecs. 
In A:     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 
In B:               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑎𝑎1 = 𝑎𝑎2 = 1.  
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                                                       A(i)                                                                                  B(i) 

 

                                                       A(ii)                                                                                  B(ii) 

Fig 6.1.9 E and B fields of Fig 6.1.7 shown side-on. In (i) side-on to beam 1. In (ii) side-on to beam 2. The 
termination of the E vector is shown in red. The extent of the area of the B bivector is shown in blue. Sample rate is 
1 ExaHertz (1018 Hz). 
In A (a static circular polarization) the representation is over 1.5 femtosecs; in B (a polarization modulation) the 
representation is over 5.4 femtosecs. 
In A:     𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2cos (2𝜋𝜋 × 29 × 1012 × 𝑑𝑑 +  𝜋𝜋/2); 𝑎𝑎1 = 𝑎𝑎2 = 1. 
In B:               𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 1 = 𝑎𝑎1 cos(2𝜋𝜋 × 32 × 1012 × 𝑑𝑑) ;  𝑏𝑏𝑒𝑒𝑎𝑎𝑚𝑚 2 = 𝑎𝑎2 cos(2𝜋𝜋 × 29 × 1012 × 𝑑𝑑) ;  𝑎𝑎1 = 𝑎𝑎2 = 1.  
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6.2 KNOTTED BEAMS 

 We seek to establish a correspondence between one algebra – the Clifford/Geometric 
algebra which is coordinate free – and another algebra – tensor algebra which is coordinate 
specific. The knotted beam approach is based on a tensor algebra (Rañada, 1989,1992a&b; Rañada 
& Trueba, 1995-1998, 2001; Irvine, 2010; Irvine & Bouwmeister, 2008; Kleckner & Irvine, 2013; 
Kedia et al, 2013).  

 It seems it is critical to acknowledge that the pair of complex scalar fields of the knotted 
beam approach, 𝑑𝑑,𝜃𝜃, are a pair of complex scalar fields considered to be dual, as there exists in 
3D a duality between a vector basis which is contravariant, and a bivector basis which is covariant. 
(However, in 4D the duality is between vectors and trivectors.) If that is acknowledged, then it is 
possible to compare and contrast the two algebras, the one based on quaternion numbers (S3, the 
SU(2) group and geometric algebra) and the other based on complex numbers (S2, the U(1) group 
and knotted beam). It is this strong form of duality (vector-to-bivector) in which the fields 𝐄𝐄 and 
𝐁𝐁 are dual. 

But the concept of duality has multiple meanings besides this strong form. We show that it 
is possible to create knotted structures commencing with two orthogonal beams (as in POLMOD) 
that are dual in a weak sense – e.g., theorems, concepts applied to one beam, equally apply to the 
other beam. As an exercise, we proceed to create a trefoil knot on the extended Poincaré sphere – 
i.e., the 𝑆𝑆2 sphere extended to an 𝑆𝑆3 sphere by indicated movement, demonstrating that knotted 
structures can be created from two fields that are dual in the weak sense. Therefore, a knotted 
theory does not provide necessarily a relation of  𝐄𝐄 to 𝐁𝐁, which are dual in the strong sense. 

 Fig 6.2.1.A shows a continuous beam in 3D constructed from the two orthogonal signals: 
4 cos(2𝑑𝑑) + 2 cos(𝑑𝑑), 
4 sin(2𝑑𝑑) − 2 sin(𝑑𝑑). 

Viewed head-on (Fig 6.2.1.B), the trefoil knot is apparent. The two constituent signals are shown 
in Fig 6.2.1.C. 

 Represented on an 𝑆𝑆3 Poincaré sphere (i.e., movements are indicated across the 𝑆𝑆3sphere), 
Figs 6.2.2.A-C, the trefoil knot is also apparent. Knotted structures can therefore be created from 
fields that are dual in the weak sense. One might state therefore, that the linking number is 
conserved (conservation of helicity) for fields defined by: 

�𝐄𝐄1 ∙ 𝐄𝐄2 = 0, 

where 𝐄𝐄1 and 𝐄𝐄2 are two orthogonal  𝐄𝐄  (polar vector) fields. The bivector B field is derived from 
these E fields. 
 

  

78 
 



 
Fig 6.2.1.A A trefoil knot created from 2 orthogonal signals: 

4 cos(2𝑑𝑑) + 2 cos(𝑑𝑑), 
4 sin(2𝑑𝑑) − 2 sin(𝑑𝑑). 

Fig 6.2.1B The trefoil knot of A viewed head-on (azimuth & elevation = (90,90), i.e., a Lissajous pattern with time 
suppressed). (Report 29 – POLMOD_MATLAB_KNOTS_03) 
Fig 6.2.1C The 2 orthogonal signals of Fig 7A: 

4 cos(2𝑑𝑑) + 2 cos(𝑑𝑑) ,𝑢𝑢𝑝𝑝𝑝𝑝𝑒𝑒𝑟𝑟 
4 sin(2𝑑𝑑) − 2 sin(𝑑𝑑)  𝑙𝑙𝑐𝑐𝑡𝑡𝑒𝑒𝑟𝑟. 

(Report 29 – POLMOD_MATLAB_KNOTS_03) 

 
Fig 6.2.2 

A:  The composite modulated signal of Fig 6.2.1A projected on the Poincaré sphere and viewed (azimuth & 
elevation) (-90,90). Notice the trefoil knot. 
B:  The composite modulated signal of Fig 6.2.1A projected on the Poincaré sphere and viewed (azimuth & 
elevation) (-90, 0).  
C:  The composite modulated signal of Fig 6.2.1A projected on the Poincaré sphere and viewed (azimuth & 
elevation) (-135, 45). Again, notice the trefoil knot. 
 (Report 29 – POLMOD_MATLAB_KNOTS_03; POLMOD_POWP_GEOMETRIC_ALGEBRA_03) 
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The goal of the series of tests was to demonstrate optimum propagation through disturbed 
atmospheres/ionospheres by means of polarization modulation (POLMOD) and axial modulation 
(AXMOD) techniques using two polarized continuous beam lasers of different wavelength, ∆λ = 
λ2 – λ1, such that the polarization or rotational compatibility with induced polarizations in media 
is of a duration τ = 1/∆f, ∆f = (f1 – f2)/2, f1 = c/λ1, f2 = c/λ2, that is less than the electronic, 
vibrational or rotational relaxation times of such media.  

     Such continuous beams rapidly changing in polarization or rotation find a description in 
geometric and Clifford algebras (Hestenes & Sobczyk, 1984; Chisholm & Common, 1986; Baylis, 
1999; Doran & Lasenby, 2003; Arthur, 2011; Chappel, et al, 2014) that are coordinate-free. In 
such algebras a distinction is made between the electric field, E, represented as a vector, or directed 
line segment, and the magnetic field, B, represented as a bivector or 2-vector, or oriented line 
segment. 
 Here we address two aspects of the optimum propagation project: (1) development of a 
steady state geometric algebra description of the electromagnetic field-medium interaction; and 
(2) commences an extension of that description to the transient state by addressing a model system 
– a liquid crystal medium – the transient state (onset and offset times) of which a considerable 
literature exists. 

We show a relation of the angle, 𝜃𝜃, between the electric field, 𝐄𝐄, and the electric 
displacement, 𝐃𝐃, adequately described in the geometric algebra description of electromagnetism 
to the angle, 𝜃𝜃, defined with respect to a unit vector angle of incident radiation and to media with 
induced dipoles. The latter is related to the optical response times (Trise and Tdecay) that are linearly 
proportional to media director reorientation times (trise and tdecay). 

A first observation is that there is a direct geometrical interpretation of anisotropy 
without the intervention of any coordinate system. In Art. 794 (p. 443) of his 1873 Treatise 
James Clerk Maxwell stated that: 

“in certain media the specific capacity for electrostatic induction is different in different directions, or in other 
words, the electric displacement, instead of being in the same direction as the electromotive intensity, and 
proportional to it, is related to it by a system of linear equations.” 

With this definition of an electrically anisotropic medium, there have been three approaches to the 
description of anisotropic media: (1) the tensor method; (2) differential forms; and (3) Clifford 
geometric algebra method. Here, we implement the geometric algebra method, adopting the recent 
application of this method by Matos et al (2007), which, in turn, builds on the work of Hestenes 
and others, as well as the founders: Grassman, Hamilton and Clifford. 

 If a medium is electrically anisotropic, an angle between the electric field vector, E, (in the 
present instance E being a laser beam), and the electric displacement vector, D, depends on the 
direction of the Euclidean space along which E is directed. This observation amounts to the 
impossibility of writing 𝐃𝐃 = 𝜀𝜀0𝜀𝜀𝐄𝐄, where 𝜀𝜀0 is the permittivity of the vacuum, and 𝜀𝜀 is the relative 
permittivity of the medium. Whereas this problem is addressed by tensor algebra by introducing a 
3 × 3 permittivity tensor, in geometric algebra, the anisotropy is written as: 

𝐃𝐃 = 𝜀𝜀0(𝛆𝛆𝐄𝐄), 
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where (𝜺𝜺𝐄𝐄) is a linear function that maps vectors to vectors and 𝛆𝛆 is a dielectric function that is 
defined along a particular direction for a particular medium6. The following definitions are 
required to develop the algebra. 

The geometric product is defined as the graded sum: 

𝑢𝑢 = 𝐄𝐄𝐃𝐃 = 𝐄𝐄 ∙ 𝐃𝐃 + 𝐄𝐄⋀𝐃𝐃 =  𝛼𝛼 + 𝐅𝐅, 

where: 

𝛼𝛼 =  𝐄𝐄 ∙ 𝐃𝐃 is the dot or inner product and symmetric, 

𝐅𝐅 = 𝐄𝐄⋀𝐃𝐃 is the outer exterior product, is antisymmetric, associative, is a bivector and a directed 
plane segment7. 

 The outer product of a vector and a bivector produced a trivector, 𝐕𝐕, which is an oriented 
volume element.  

 A multivector is a sum of a scalar, a vector, a bivector and a trivector, e.g.: 

𝑢𝑢 = 𝛼𝛼 + 𝐚𝐚 + 𝐅𝐅 + 𝐕𝐕. 

The reverse of 𝑢𝑢 is defined as 𝑢𝑢� , so that: 

𝑢𝑢� = 𝐃𝐃𝐄𝐄 = 𝐃𝐃 ∙ 𝐄𝐄 − 𝐃𝐃⋀𝐄𝐄 = 𝛼𝛼 + 𝐅𝐅, 

𝛼𝛼 =  𝐄𝐄 ∙ 𝐃𝐃 = (𝑢𝑢 + 𝑢𝑢�) 2⁄ , 

𝐅𝐅 = 𝐄𝐄⋀𝐃𝐃 = (𝑢𝑢 − 𝑢𝑢�) 2⁄ , 

|𝑢𝑢|2 = 𝑢𝑢𝑢𝑢� = 𝐄𝐄𝐃𝐃𝐃𝐃𝐄𝐄 = 𝐄𝐄2𝐃𝐃2 = (𝛼𝛼 + 𝐅𝐅)(𝛼𝛼 − 𝐅𝐅) = 𝛼𝛼2 − 𝐅𝐅2 = 𝛼𝛼2 + 𝛼𝛼2 = 𝜌𝜌2, 

 If the unit bivector is such that 𝐅𝐅�2 = −1, then: 

𝑢𝑢 = 𝛼𝛼 + 𝛼𝛼𝐅𝐅� = 𝜌𝜌 cos(𝜃𝜃) + 𝐅𝐅� 𝜌𝜌 sin(𝜃𝜃), 

𝜌𝜌 = |𝐄𝐄||𝐃𝐃| = �𝛼𝛼2 + 𝛼𝛼2, and 

𝐅𝐅 = 𝛼𝛼𝐅𝐅�. 

 Any bivector is the dual of a vector. 

 

 In geometric algebra, 𝒞𝒞ℓ3, a multivector is an operation that projects onto a chosen grade 
k, where k = 0, 1, 2, 3, giving the structure: 

𝒞𝒞ℓ3 =  ℝ⊕ℝ3 ⊕ ⋀2ℝ3 ⊕ ⋀3ℝ3. 

6 A dielectric tensor coordinate system can be recaptured by defining: 𝜀𝜀𝑖𝑖𝑗𝑗 = 𝐞𝐞𝑗𝑗 ∙ 𝛆𝛆(𝐞𝐞𝑘𝑘). 
7 In contrast, the Gibbs cross product is: 𝐄𝐄 × 𝐃𝐃 which is a vector, not associative, and is a directed line segment. 
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 A k-blade of 𝒞𝒞ℓ3 is an element 𝑢𝑢𝑘𝑘 such that 𝑢𝑢𝑘𝑘 = 〈 𝑢𝑢𝑘𝑘〉𝑘𝑘, where 〈 𝑢𝑢𝑘𝑘〉𝑘𝑘 is a homogeneous 
multivector of grade k.  

 Any trivector can be written as 𝐕𝐕 = 𝛼𝛼𝐞𝐞123, where 𝛼𝛼 ∈ ℝ and 𝐞𝐞123 = 𝐕𝐕� is the unit 
trivector such that 𝐞𝐞1232 = −1. With these definitions, two vectors, 𝐚𝐚 and 𝐛𝐛 (𝐚𝐚,𝐛𝐛 ∈ ℝ3) are 
related by outer and cross products: 

𝐚𝐚⋀𝐛𝐛 = (𝐚𝐚 × 𝐛𝐛)𝐞𝐞123, 

𝐚𝐚 × 𝐛𝐛 = −(𝐚𝐚⋀𝐛𝐛)𝐞𝐞123. 

 Geometric algebra 𝒞𝒞ℓ3 is a linear space of dimensions 1 + 3 + 3 + 1 = 23 = 8, with 
{𝐞𝐞1,𝐞𝐞2, 𝐞𝐞3} as an orthonormal basis for vector space ℝ3. The 𝒞𝒞ℓ3 space is characterized by: 

� 1⏟
𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑏𝑏𝑠𝑠𝑠𝑠

, 𝐞𝐞1,𝐞𝐞2, 𝐞𝐞3�������
𝑣𝑣𝑏𝑏𝑠𝑠𝑡𝑡𝑣𝑣𝑠𝑠𝑠𝑠

, 𝐞𝐞12,𝐞𝐞31, 𝐞𝐞23���������
𝑏𝑏𝑖𝑖𝑣𝑣𝑏𝑏𝑠𝑠𝑡𝑡𝑣𝑣𝑠𝑠𝑠𝑠

, 𝐞𝐞123�
𝑡𝑡𝑠𝑠𝑖𝑖𝑣𝑣𝑏𝑏𝑠𝑠𝑡𝑡𝑣𝑣𝑠𝑠𝑠𝑠

� 

where: 

𝐞𝐞12 = 𝐞𝐞1⋀𝐞𝐞2 = 𝐞𝐞1𝐞𝐞2, 

𝐞𝐞31 = 𝐞𝐞3⋀𝐞𝐞1 = 𝐞𝐞3𝐞𝐞1, and 

𝐞𝐞23 = 𝐞𝐞2⋀𝐞𝐞3 = 𝐞𝐞2𝐞𝐞3, 

is the basis for the subspace ⋀2ℝ3 of bivectors or 2-blades. 

 A medium is anisotropic if the angle, 𝜃𝜃, between the electric field , 𝐄𝐄, and the electric 
displacement, 𝐃𝐃, is different for different directions of 𝐄𝐄. Therefore, with the above definitions: 

𝛼𝛼 = 𝛼𝛼(𝜃𝜃) = 𝜌𝜌 sin(𝜃𝜃),  𝑐𝑐𝑟𝑟 

𝛼𝛼 = |𝐅𝐅| = |〈𝐄𝐄𝐃𝐃〉2| = |𝐄𝐄⋀𝐃𝐃|, 

definitions which depend on the direction in which 𝐄𝐄 is applied – 𝐄𝐄  being, in the present 
circumstances, the incident laser beam. 

 With: 

𝐄𝐄 = |𝐄𝐄|𝐬𝐬, 

𝐃𝐃 = |𝐃𝐃|𝐭𝐭, and 

𝐬𝐬2 + 𝐭𝐭2 = 1, then 

𝐅𝐅� = 𝐬𝐬⋀𝐭𝐭 sin(𝜃𝜃)⁄ = 𝐬𝐬𝐬𝐬 

𝐬𝐬2 = 1. 

It follows that: 

𝐃𝐃 = 𝐃𝐃|| + 𝐃𝐃⊥, 

𝐷𝐷|| = 𝐬𝐬 ∙ 𝐃𝐃|| = |𝐃𝐃| cos(𝜃𝜃), 

82 
 



𝐷𝐷⊥ = 𝐬𝐬 ∙ 𝐃𝐃⊥ = |𝐃𝐃| sin(𝜃𝜃). 

These relations are shown in Fig 1 (Matos et al, 2007). 

 
Fig 6.2.3 From Matos, S.A., Ribeiro, M.A. & Paiva, C.R., Anisotropy without tensors: a novel approach using 
geometric algebra. Optics Express, 15, 15175-15186, 2007. (Report 30) 
 
 These relations permit a definition of relative permittivity: 

𝜀𝜀𝑠𝑠 = 𝐬𝐬 ∙ ε(𝐬𝐬), 

with 𝜀𝜀𝑠𝑠 = 0 if 𝐄𝐄 ⊥ 𝐃𝐃. 

 In the case of a lossless nonmagnetic medium,  

ε(𝐚𝐚) = 𝛥𝛥𝐚𝐚, 

which provides three positive eigenvalues, 𝜀𝜀1, 𝜀𝜀2 and 𝜀𝜀3 corresponding to the three unit 
eigenvectors 𝐞𝐞1, 𝐞𝐞2 and 𝐞𝐞3. 
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6.3 TEMPORAL DEPENDENCE OF ANISOTROPY 

 We now turn to the temporal dependence of 𝜃𝜃, using liquid crystals (LCs) as a model 
system displaying temporal dependence of dielectric anisotropy. As Fig 6.3.1 shows, an LC will 
align perpendicular or parallel to incident radiation, and the angle 𝜃𝜃 is defined as the angle between 
the unit vector of the incident radiation and the orientation of the LC (Fig 6.3.2). From the 
molecular point of view, the origin of the dielectric anisotropy is the anisotropic distribution of the 
molecular dipoles in the liquid crystal phases. 
 

 
Fig 6.3.1 In the case of positive dielectric anisotropy, the liquid crystal will aligned parallel to the electric field Upon 
application of an electric field, the positive charge is displaced to one end of the molecule and the negative charge to 
the other end, thus creating an induced dipole moment. This results in the alignment of the longitudinal axis of liquid 
crystal molecules mutually parallel to the electric field direction. In the case of negative dielectric anisotropy, the 
liquid crystal will aligned perpendicular to the electric field. The index of refraction is larger along with the long axis 
of the molecules, then the perpendicular to it. (After Kai Chung Wong).  (Report 30) 
 
 

 
 

Fig 6.3.2 Angle, 𝜃𝜃, defined with respect to unit vector angle of incident of radiation and LC. The unit vector is 
referred to as “the director”. (Report 30) 

 
Maier and Meier (1961) extended Onsager theory to nematic LC. In their theory, a 

molecule is represented by an anisotropic polarizability 𝛼𝛼 with principal elements 𝑎𝑎1 and 𝑎𝑎 in a 
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spherical cavity of radius 𝑎𝑎. Denoting the dipole moment with 𝑎𝑎1 at an angle 𝜃𝜃, the LC dielectric 
components 𝜀𝜀||,  𝜀𝜀⊥ and  ∆𝜀𝜀, can be expressed as: 

 
𝜀𝜀|| = 𝑁𝑁ℎ𝐹𝐹�〈𝛼𝛼||〉 + (𝐹𝐹𝜇𝜇2 3𝑘𝑘𝑓𝑓⁄ )[1− (1 − 3𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃)𝑆𝑆]�, 
𝜀𝜀⊥ = 𝑁𝑁ℎ𝐹𝐹{〈𝛼𝛼⊥〉 + (𝐹𝐹𝜇𝜇2 3𝑘𝑘𝑓𝑓⁄ )[1 + (1 − 3𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃)𝑆𝑆/2]}, 
∆𝜀𝜀 = 𝑁𝑁ℎ𝐹𝐹{〈𝛼𝛼1 − 𝛼𝛼𝑡𝑡〉 + (𝐹𝐹𝜇𝜇2 2𝑘𝑘𝑓𝑓⁄ )(1 − 3𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃)}, 

where: 
 
𝑁𝑁 is the molecular packing density, 
𝜇𝜇 is the dipole moment, 
𝐹𝐹 is the Onsager reaction field, 
𝑆𝑆 is an order parameter described by: 𝑆𝑆 =  (1 − 𝑓𝑓 𝑓𝑓𝑠𝑠⁄ )𝛼𝛼,  
𝛼𝛼 is a coefficient dependent on molecular structure, 
𝑓𝑓𝑠𝑠is the clearing temperature, 
〈𝑠𝑠〉 is the average refractive index, 
〈𝜀𝜀〉 is the average dielectric constant, 
 
and 

ℎ =
3〈𝜀𝜀〉

2〈𝜀𝜀〉 + 1
, 

𝐹𝐹 =
(2〈𝜀𝜀〉 + 1)(〈𝑠𝑠〉2 + 2)

3(2〈𝜀𝜀〉 + 〈𝑠𝑠〉2) , 

 
Indicating that the dielectric anisotropy of a LC is a function of three factors: molecular 
structure, temperature and frequency. 
 
 Overall LC performance can be characterized by a figure-of-merit (FoM) (Khoo & Wu, 
1993): 

𝐹𝐹𝑐𝑐𝑀𝑀 =
∆𝑠𝑠2

𝛾𝛾1 𝐾𝐾11⁄ , 

where: 
  
𝐾𝐾11is the splay elastic constant, 
∆𝑠𝑠 is the birefringence, 
𝛾𝛾1 is the rotational viscosity.  
All three parameters are temperature dependent and the viscosity and elastic constants are 
dependent on the order parameter 𝑆𝑆. 
 

When the applied voltage exceeds the Freedericksz transition voltage 𝑑𝑑𝑡𝑡ℎ, the LC 
molecules will rotate and be reoriented by the electric field, causing the change of the 
permittivity of substrate. The electric energy under the applied voltage is given by (Wang, 2005): 

 

𝑓𝑓𝐸𝐸𝑠𝑠𝑏𝑏𝑠𝑠𝑡𝑡𝑠𝑠𝑖𝑖𝑠𝑠 = ��
1
2
𝐷𝐷 ∙ 𝐸𝐸� 𝑑𝑑𝜋𝜋 = ��

1
2
𝜀𝜀∇𝑑𝑑 ∙ ∇𝑑𝑑�𝑑𝑑𝜋𝜋, 
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where 𝑑𝑑 is the voltage distribution and 𝜀𝜀 is the dielectric tensor of the LC medium. 
 The relative dielectric tensor is: 
 

𝜀𝜀𝑠𝑠 = �
𝜀𝜀𝑥𝑥𝑥𝑥 𝜀𝜀𝑥𝑥𝑦𝑦 𝜀𝜀𝑥𝑥𝑧𝑧
𝜀𝜀𝑦𝑦𝑥𝑥 𝜀𝜀𝑦𝑦𝑦𝑦 𝜀𝜀𝑦𝑦𝑧𝑧
𝜀𝜀𝑧𝑧𝑥𝑥 𝜀𝜀𝑧𝑧𝑦𝑦 𝜀𝜀𝑧𝑧𝑧𝑧

�, 

 
and, referring to Fig 6.3.3: 
 

𝜀𝜀𝑥𝑥𝑥𝑥 = 𝑠𝑠𝑣𝑣2 + (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃𝑐𝑐𝑐𝑐𝑑𝑑2𝜙𝜙, 
𝜀𝜀𝑦𝑦𝑦𝑦 = 𝑠𝑠𝑣𝑣2 + (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃𝑑𝑑𝑖𝑖𝑠𝑠2𝜙𝜙, 

𝜀𝜀𝑧𝑧𝑧𝑧 = 𝑠𝑠𝑣𝑣2 + (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑑𝑑𝑖𝑖𝑠𝑠2𝜃𝜃, 
𝜀𝜀𝑦𝑦𝑧𝑧 = 𝜀𝜀𝑧𝑧𝑦𝑦 = (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑑𝑑𝑖𝑖𝑠𝑠𝜃𝜃 𝑐𝑐𝑐𝑐𝑑𝑑𝜙𝜙 𝑑𝑑𝑖𝑖𝑠𝑠𝜙𝜙, 
𝜀𝜀𝑥𝑥𝑦𝑦 = 𝜀𝜀𝑦𝑦𝑥𝑥 = (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑐𝑐𝑐𝑐𝑑𝑑2𝜃𝜃 𝑑𝑑𝑖𝑖𝑠𝑠𝜙𝜙 𝑐𝑐𝑐𝑐𝑑𝑑𝜙𝜙, 
𝜀𝜀𝑥𝑥𝑧𝑧 = 𝜀𝜀𝑧𝑧𝑥𝑥 = (𝑠𝑠𝑏𝑏2 − 𝑠𝑠𝑣𝑣2)𝑑𝑑𝑖𝑖𝑠𝑠𝜃𝜃 𝑐𝑐𝑐𝑐𝑑𝑑𝜃𝜃 𝑐𝑐𝑐𝑐𝑑𝑑𝜙𝜙, 

 
 
𝑠𝑠𝑣𝑣 is the ordinary refractive index of the LC medium, 
𝑠𝑠𝑏𝑏 is the extraordinary refractive index of the LC medium, 
𝜃𝜃 is the tilt angle of the LC director (Fig 6.3.3), 

            𝜙𝜙 is the azimuthal angle between projection of the LC director on the x-y plane and the x-
axis (Fig 6.3.3). 

 

 

Fig 6.3.3 The coordinate system of a LC director. (Report 30) 

The optical response time for amplitude modulation and phase response time for phase 
modulation is related to the LC director reorientation time. The dynamics of the LC director 
reorientation is described by (Erickson, 1961; Leslie, 1968): 

(𝐾𝐾11𝑐𝑐𝑐𝑐𝑑𝑑2𝜙𝜙 + 𝐾𝐾33𝑑𝑑𝑖𝑖𝑠𝑠2𝜙𝜙)
𝜕𝜕2𝜙𝜙
𝜕𝜕𝑧𝑧2

+ (𝐾𝐾33 − 𝐾𝐾11)𝑑𝑑𝑖𝑖𝑠𝑠𝜙𝜙𝑐𝑐𝑐𝑐𝑑𝑑𝜙𝜙 �
𝜕𝜕𝜙𝜙
𝜕𝜕𝑧𝑧
�
2

+ 𝜀𝜀𝑣𝑣∆𝜀𝜀𝐸𝐸2𝑑𝑑𝑖𝑖𝑠𝑠𝜙𝜙𝑐𝑐𝑐𝑐𝑑𝑑𝜙𝜙 = 𝛾𝛾1
𝜕𝜕𝜙𝜙
𝜕𝜕𝑑𝑑

, 
where: 
 
𝛾𝛾1 is the rotational viscosity, 
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𝐾𝐾11 and 𝐾𝐾33 are the splay and bend elastic constants, 
𝜀𝜀𝑣𝑣∆𝜀𝜀𝐸𝐸2 is the electric field energy density, 
∆𝜀𝜀 is the dielectric anisotropy, and 
𝜙𝜙 is the tilt angle of the LC directors. 
 
 If the tilt angle is small (𝑑𝑑𝑖𝑖𝑠𝑠𝜙𝜙 ~ 𝜙𝜙) and 𝐾𝐾33 ~ 𝐾𝐾11 (small angle approximation), then a 
reduction is possible to (Wang, 2005): 

𝐾𝐾33
𝜕𝜕2𝜙𝜙
𝜕𝜕𝑧𝑧2

+ 𝜀𝜀𝑣𝑣∆𝜀𝜀𝐸𝐸2𝜙𝜙 = 𝛾𝛾1
𝜕𝜕𝜙𝜙
𝜕𝜕𝑑𝑑

. 
 

With 𝛼𝛼 defined as the pretilt angle or the angle of the LC directors deviated from the LC 
normal, so that if 𝛼𝛼 = 0 the LC directors are aligned perpendicular to the incident beam, the optical 
rise time (10%→90%) as a function of 𝑑𝑑 𝑑𝑑𝑡𝑡ℎ⁄  at four different pretilt angles, 𝛼𝛼 = 1°, 2°, 3°, and 5° 
can be calculated10 (Fig 5). Optical response times (Trise and Tdecay) are linearly proportional to the 
LC director reorientation times (τrise and τdecay).  

 

Fig 6.3.4: Optical rise time (10%→90%) as a function of 𝑑𝑑 𝑑𝑑𝑡𝑡ℎ⁄  at four different pretilt angles, 𝛼𝛼 = 1°, 2°, 3°, and 5°. 
From Wang, H., Studies of Liquid Crystal Response Time, Ph.D. dissertation Department of Electrical and Computer 
Engineering in the College of Engineering and Computer Science the University of Central Florida, Orlando, Florida. 
(Report 30) 

 Thus we have shown a relation of the angle, 𝜃𝜃, between the electric field, 𝐄𝐄, and the electric 
displacement, 𝐃𝐃, adequately described in the geometric algebra description of electromagnetism 
to the angle, 𝜃𝜃, defined with respect to a unit vector angle of incident radiation and to media with 
induced dipoles. The latter is related to the optical response times (Trise and Tdecay) that are linearly 
proportional to media director reorientation times (trise and tdecay).  
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7.0 SELF-INDUCED TRANSPARENCY (SIT), ELECTROMAGNETICALLY-INDUCED 
TRANSPARENCY (EIT) and POLMOD 

7.1 SIT 

Self-induced transparency is defined as follows: 

“Above a critical power threshold for a given pulse width, a short pulse of coherent traveling-wave optical radiation 
is observed to propagate with anomalously low energy loss while at resonance with a two-quantum-level system of 
absorbers. The line shape of the resonant system is determined by inhomogeneous broadening, and the pulse width is 
short compared to dissipative relaxation times. A new mechanism of self-induced transparency, which accounts for 
the low energy loss, is analyzed in the ideal limit of a plane wave which excites a resonant medium with no damping 
present. The stable condition of transparency results after the traversal of the pulse through a few classical absorption 
lengths into the medium. This condition exists when the initial pulse has evolved into a symmetric hyperbolic-secant 
pulse function of time and distance, and has the area characteristic of a "2π pulse." Ideal transparency then persists 
when coherent induced absorption of pulse energy during the first half of the pulse is followed by coherent induced 
emission of the same amount of energy back into the beam direction during the second half of the pulse. The effects 
of dissipative relaxation times upon pulse energy, pulse area, and pulse delay time are … to first order in the ratio of 
short pulse width to long damping time. The analysis shows that the 2π pulse condition can be maintained if losses 
caused by damping are compensated by beam focusing.”  (McCall & Hahn, 1969) 
 

Self-induced transparency (SIT) of propagating coherent light pulses in absorbing media 
(McCall & Hahn, 1965, 1967, 1969; Lamb, 1971) is now well proven. SIT has been demonstrated 
in gases, e.g., in gaseous SF6 and SF6-He (Patel & Slusher, 1967). In the case of gases, the 
molecular dephasing relaxation time is longer than the pulse temporal length.  

 

7.2 EIT 

Another induced transparency effect is Electromagnetically-induced transparency (EIT), 
which is a coherent optical nonlinearity that renders a medium transparent over a narrow spectral 
range within an absorption line. Extreme dispersion is also created within this transparency 
"window" which leads to "slow light” (Kocharovskaya & Khanin, 1986). 

Observation of EIT involves two optical fields (highly coherent light sources, such as 
lasers) which are tuned to interact with three quantum states of a material. The "probe" field is 
tuned near resonance between two of the states and measures the absorption spectrum of the 
transition. A much stronger "coupling" field is tuned near resonance at a different transition. If the 
states are selected properly, the presence of the coupling field will create a spectral "window" of 
transparency which will be detected by the probe. The coupling laser is sometimes referred to as 
the "control" or "pump", the latter in analogy to incoherent optical nonlinearities such as spectral 
hole burning or saturation. 

EIT is based on the destructive interference of the transition probability between atomic 
states. Closely related to EIT are coherent population trapping (CPT) phenomena. EIT requires a 
coherently prepared media which has long quantum memory. The mechanism underlying EIT is 
described in the following protocol: 
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“…one applies two laser wavelengths whose frequencies differ by a Raman (non-allowed) transition of the 
medium…the electrons must be stopped from moving at the frequencies of the applied fields. If the electrons do not 
move, then they do not contribute to the dielectric constant. Non-movement will occur if, at each applied frequency, 
the electron is driven by two sinusoidal forces of opposite phase… In quantum mechanical terms… what happens is 
that the probability amplitude of … a state is driven by two terms of equal magnitude and opposite sign. One driving 
term is proportional to the probability amplitude of the ground state. The other terms is oppositely phased and 
proportional to the probability amplitude of a third state and the expected value of the amplitude of the sinusoidal 
motion at each of the applied frequencies is zero.” (Harris, 1997) 

The difference between EIT and SIT is that in the case of SIT only a single pulse is required 
whose area is 2π and only a ground and an excited state are involved (Fig 7.2.1).  

 

Fig 7.2.1 SIT and EIT mechanisms. 

7.3 POLMOD 

Polarization modulation induced transparency addresses the mechanisms also addressed 
by SIT, although but achieves transparency with a continuous (modulated) wave so that 
polarization dipole matching or polarization compatibility is less than the dephasing relaxation 
time. 

Both SIT and POLMOD achieve excitation durations that are less than the relaxation time 
of a detector or medium: SIT in the sense of the exciting pulse being shorter in duration than the 
relaxation time of a medium; POLMOD in the sense of the polarization compatibility of the 
exciting cw wave with induced dipoles being of duration, again, less than the relaxation time of 
the medium. The great advantage of POLMOD is that beams of any duration can be used, whereas 
SIT is restricted to short, area 2π, pulses carrying much less energy, as well being more difficult 
to generate. 

 The selectivity of induced dipoles to linear versus circular polarization in solid state media 
was reported by the principal investigator (Barrett et al, 1983; Barrett, 1983; Barrett, 1987a-c). 
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The present project extended the POLMOD approach to dielectric media with the objective of 
defeating atmospheric/ionospheric propagation losses. 
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